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Abstract
We explain in detail how to calculate the gravitational mass and angular momentum
multipoles of the most general non-extremal four-dimensional black hole with four magnetic
and four electric charges. We also calculate these multipoles for generic supersymmetric
four-dimensional microstate geometries and multi-center solutions. Both for Kerr black
holes and BPS black holes many of these multipoles vanish. However, if one embeds these
black holes in String Theory and slightly deforms them, one can calculate an infinite set
of ratios of vanishing multipoles which remain finite as the deformation is taken away,
and whose values are independent of the direction of deformation. For supersymmetric
black holes, we can also compute these ratios by taking the scaling limit of multi-center
solutions, and for certain black holes the ratios computed using the two methods agree
spectacularly. For the Kerr black hole, these ratios pose strong constraints on the param-
eterization of possible deviations away from the Kerr geometry that should be tested by
future gravitational wave interferometers.
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1 Introduction and Summary
There are many arguments that black holes can only restore the information that has
fallen into them to our universe if there exists a structure at the scale of the horizon from
where this information can be imprinted onto Hawking radiation [1, 2, 3]. According to
these fuzzball/firewall arguments, black hole evaporation is very similar to the burning of
a piece of coal, and restores all information. However, since the horizon is a null surface,
a horizon-scale structure must have very unusual properties that prevent its collapse into
a black hole.
Such a non-collapsing horizon-replacing structure can be constructed in String Theory,
and consists of complicated topologically non-trivial bubbles wrapped by fluxes [4, 5, 6,
7, 8, 9, 10]. Such bubbles allow for the structure to be horizon-sized without it collapsing
under its own gravitational force [11, 12].
Besides the presence of a structure that allows information to escape, the region of
the black hole horizon is also the place where the the full non-linear glory of general
relativity manifests itself. Both the current observations of gravitational waves emitted by
black holes mergers [13], and future satellite-based experiments [14], are geared towards
exploring how much the physics of this region deviates from what general relativity predicts.
In particular, the future observations of gravitational waves emitted during Extreme Mass-
Ratio Inspiral (EMRI) events [15, 16, 17, 18, 19] are expected to reveal whether the mass
multipoles and angular momentum multipoles are the same as those predicted by Classical
General Relativity, or are perhaps modified. We can distinguish two possible causes for
such modifications:
a.) horizon-scale structure that allows information to escape
b.) modifications of General Relativity that become important at the horizon scale.
Microstate geometries generically have multipole moments that differ from those of the
black hole whose horizon they are replacing. The first purpose of this paper is to compute
these multipoles explicitly for some of the microstate geometries that have been constructed
so far, and to compare them to the multipoles of their corresponding black hole. At the
moment, this comparison can only be done for supersymmetric black holes, which are very
different from those observed using gravitational wave interferometers. However, we believe
it can reveal important aspects of how the microstructure at the horizon can modify these
multipoles even for non-extremal black holes.
To see this, recall that from the perspective of low-energy effective theory, the matter
that forms the horizon-replacing structure has very unusual properties. In particular, it has
to be very stiff to prevent its gravitational collapse. This is very different from “normal”
matter, which cannot support itself so close to a null surface. It is certainly possible that
a spinning horizon-sized ball of this stiff unusual matter would have different gravitational
multipoles than a spinning ball or dust, a spinning shell, or a spinning Kerr black hole.
Understanding this stiff horizon-replacing matter for extremal black holes should therefore
illuminate its properties and allow us to understand its physics for non-extremal black
holes as well. This is much in the same spirit as the study of the Quark-Gluon Plasma:
even if the N = 4 Super-Yang-Mills theory is different from the real world, analyzing the
N = 4 plasma reveals highly unusual properties (like the low viscosity-to-entropy ratio
[20]) that also characterize the real-world Quark-Gluon Plasma.
In addition to modifications of the gravitational multipoles by structure at the scale of
the horizon, these multipoles can also be modified in the absence of such structure.1 Indeed,
although General Relativity is very well tested in the linear regime, it is still possible its
1It is also possible is that this structure somehow succeeds in giving rise to the same physics for
macroscopic observers as the black hole [21].
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non-linear structure will be different at the scale of the black hole horizon, resulting in
different gravitational multipoles. For the Kerr black hole, many gravitational multipoles
are exactly zero, so detecting even a small deviation for one of these multipoles would be
a smoking gun for horizon-scale modifications of GR.
However, when parameterizing the possible deviations of these multipoles away from
zero and trying to compute signals that could be visible in gravitational waves emitted
from EMRI’s, it is important to understand how to do this parameterization correctly.
Indeed, given n multipole moments that are identically zero in the Kerr solution and that
may give rise to a measurable signal in EMRI gravitational waves, one may be tempted
to parameterize them using n independent parameters. The second purpose of this paper
is to show that the ratios of these vanishing multipoles is a well-defined property of small
deviations from the Kerr solution computed by embedding this black hole in String Theory.
Hence, String Theory predicts that the possible small departures from zero of these n
multipoles are in fact parameterized by a single parameter, and not by n parameters !
We will present two methods to compute ratios of vanishing multipole moments. The
first method, which we call the direct BPS method, works for supersymmetric black holes,
and consists of first calculating multipole moments and ratios thereof for supersymmetric
multi-center microstate geometries. For these geometries, there exists a so-called scaling
limit, for which the length of the throat of the microstate geometries becomes longer and
longer, so that they resemble the black hole geometry more and more. Unsurprisingly,
the microstate geometry multipole moments that are absent for the black hole become
smaller and smaller in this limit. However, there exist an infinite number of ratios of
such vanishing multipole moments which stay finite in the scaling limit, and which we
can compute. Again, these ratios cannot be computed directly in the supersymmetric
four-dimensional black hole geometry, where they are zero over zero.
The second method of computing ratios of vanishing multipoles is to slightly deform the
black hole by giving it non-trivial charges, angular momentum and temperature, compute
the multipole ratios for the deformed black hole, and then take the deformation back to
zero. This indirect method can be applied to compute ratios of vanishing multipoles both
for supersymmetric black holes, but also for Schwarzschild, Kerr, and Kerr-Newman black
holes.
One example of such a ratio, which is ill-defined both for supersymmetric black holes
and for Kerr black holes, is the product of the angular momentum with the second current
multipole moment divided by the product of the mass and the third mass (octopole)
moment:
S1S2
M3M0
. (1.1)
Using our indirect method, this becomes a well-defined quantity for both the Kerr and
supersymmetric black holes. Since there are many ways to deform a black hole, one might
legitimately worry that this indirect procedure could give different results depending on
how the black hole is deformed. One important result of our investigation is that this does
not happen, and hence the ratios of vanishing multipoles are well defined quantities.
For supersymmetric black holes we can also compare the multipole ratios computed
using the direct BPS and the indirect methods. In principle, these methods explore dif-
ferent regimes: the indirect method works by considering small departures from the black
hole solution and only changes the geometry at the scale of the horizon a small amount
— in other words it captures the physics of (small) modifications of GR at the horizon
scale, described in option (b) above. In contrast, the direct BPS method uses bubbling
horizonless solutions that differ drastically from the black hole solution at the scale of
the horizon (option (a) above). Interestingly enough, we find that for certain families of
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supersymmetric black holes, the two methods give amazingly close results. In our opinion,
this is a strong indication that these ratios of vanishing multipoles, computed here for the
first time, are well-defined intrinsic properties of black holes.
1.1 Summary
In this paper, we outline a new window into black hole physics by calculating multipole
ratios for supersymmetric and non-supersymmetric black holes, as well as for supersym-
metric multi-center solutions. For many black holes, the multipoles themselves vanish, but
we argue that their ratios are well-defined physical properties of these black holes.
We derive the general formula for the gravitational multipoles of supersymmetric multi-
center solutions in Section 4. These solutions are constructed by specifying eight harmonic
functions V,KI , LI ,M in R3, of the form H = h0 +
∑
i h
i/ri. When all of the centers are on
the z-axis, and when we choose a gauge where the constants in these harmonic functions
are those of the D2-D2-D2-D6 black hole (v0 = l0I = 1 and k
0
I = m
0 = 0), the gravitational
multipoles are given by the simple and elegant formulae (4.58)-(4.59):
Ml =
1
4
∑
i
[
vi + li1 + l
i
2 + l
i
3)
]
zli, (1.2)
Sl =
1
4
∑
i
[−2mi + ki1 + ki2 + ki3] zli. (1.3)
The formulae for general moduli and for multi-center solutions that are not axisymmetric
are derived in Section 4.2 and in Appendix A.
We also derive the multipoles of the most general spinning non-extremal STU black
hole, whose charges in String Theory correspond to D6, D4, D2 and D0 branes wrapping
the corresponding cycles on the internal manifold. We obtain very simple and compact
formulae for the mass and the current (angular momentum) multipoles, given in equations
(3.33) and (3.34).
Many of the gravitational multipoles vanish both for the Kerr black hole and for the
four-dimensional supersymmetric black hole. We nevertheless argue that one can associate
to these black holes well-defined and finite ratios of these vanishing multipoles; these ratios
encode black hole properties that cannot be computed by just examining the solution.
We give two possible ways of calculating these dimensionless multipole ratios. The
indirect method consists of embedding the black holes into String Theory, calculating
multipole ratios in the most more general black hole, and taking the Kerr limit or the
supersymmetric limit. By contrast, the direct BPS method allows us to calculate the
multipole ratios directly in the scaling limit of microstate geometries corresponding to the
(supersymmetric) black hole.
For supersymmetric black holes, we compare these two methods extensively (see Section
5). Even if the indirect method calculates multipole ratios by slightly deforming the black
hole horizon, while the direct BPS method calculates these ratios by completely replacing
the black hole horizon with a horizonless structure, we find that for certain black holes
the two methods agree surprisingly well. This agreement is correlated to a small entropy
parameter H, which quantifies the smallness of the black hole’s entropy compared to a
black hole with the same electric charges and no magnetic charges. One can also argue
that for certain BPS black holes for which the two methods do not agree well, the direct
BPS method is more reliable, as the indirect method often suffers from large discontinuous
jumps when the multipole order is varied in multipole ratios.
Finally, we point out that our indirect method can also be applied to non-extremal
black holes, such as Kerr, to calculate a plethora of new, previously ill-defined multipole
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ratios for such black holes. Since these numbers are calculated by embedding the Kerr
black hole in a supergravity theory that descends from String Theory, their values should
be thought of as predictions of String Theory.2
These numbers put very strong theoretical constrains on the parameterization of grav-
itational multipoles that differ from those of the Kerr solution and that one might hope
to measure using gravitational waves emitted from EMRI’s. Indeed, these numbers imply
that all the small deformations of the gravitational multipoles that vanish in the Kerr
solution are controlled by a single small parameter !
M2n+1 = −aS2n = nMa(−a2)n , (1.4)
Furthermore, the deformations of the multipoles that are finite in the Kerr solution are
also controlled by the same small parameter. The explicit dependence is given in equation
(5.30).
This result provides a benchmark for determining whether a deviation from the mul-
tipoles of the Kerr black hole that might be measured using gravitational waves indicates
a small or a large modification of the geometry at the horizon. Indeed, if the measured
deviation from the Kerr multipoles satisfy the constraint (5.30), obtained using small per-
turbations in a String Theory embedding of the black hole, the deviation of the metric
away from the Kerr solution at the scale of the horizon is also small. On the other hand,
if the measured multipole deviations do not obey the constraint (5.30), this could indicate
that the deviations away from the Kerr metric at the horizon scale are large, which is com-
patible with horizon-scale structure — this could be confirmed using the direct method to
calculate multipole ratios in microstate geometries of the Kerr black hole, once they are
known.3
Paper overview This is a companion paper to [22] by the same authors. In particular,
in [22] we presented the formulas for the multipoles of the general STU black hole (3.33)-
(3.34), and for the multipoles of axisymmetric microstates at special moduli (4.58)-(4.59);
here, we give the detailed and general derivation and formulas for multipoles at generic
moduli and also for non-axisymmetric microstates. In [22], we also briefly introduced the
direct BPS and indirect methods for BPS black holes and discussed their matchings for
the geometries A,B,C; here, we give a detailed and expanded discussion involving many
other geometries. Finally, in [22] we briefly presented the indirect method for the Kerr
black hole and mentioned that it constrains deviations from the Kerr multipoles; here, we
expand this discussion and its possible theoretical and observational consequences in great
detail.
In Section 2 we review in detail the general AC(MC) formalism we use to compute mass
and current (angular) multipoles moments of four-dimensional solutions. Then, in Section
3 we discuss a few non-extremal, rotating black holes in four-dimensional supergravity.
In Section 4 we present the smooth, supersymmetric multi-center black hole microstate
geometries whose multipoles we will compute, and give the explicit derivation of the mul-
tipole formulae for general axisymmetric multi-center solutions. In our main analysis in
Section 5, we first introduce the direct BPS and indirect methods of calculating dimen-
sionless multipole ratios for both the four-dimensional (static) BPS black hole and more
2Indeed, one can also imagine embedding the Kerr black in some effective low-energy theory that does
not come from String Theory; the multipole ratios computed using that embedding can be different from
the ones we compute.
3A second possibility, if multipole deviations do not obey the constraint (5.30), is that there are small
deviations from the Kerr metric at the horizon scale but that the theory describing them is not String
Theory; we clearly do not prefer this option, although it remains a logical possibility.
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general non-extremal black holes in Section 5.1, before comparing the two methods (for
BPS black holes) in Section 5.2, and computing explicitly new multipole ratios for Kerr in
Section 5.3. Gravitational wave physicists and astrophysicists interested in parameterizing
measurable deviations from the Kerr solution can skip directly to Section 5.4, where we
give the explicit constraints these deviations must satisfy. We conclude, conjecture, and
point to further avenues of research in Section 6. Appendix A computes multipole mo-
ments for multi-center solutions that are not axisymmetric. Appendix B contains further
details of our indirect method calculations for BPS black holes, while Appendix C has a
more detailed analysis of the direct BPS method for our microstates; Appendix D gives
the charge parameters relevant for the most general STU black hole.
Note added: After our initial paper [22] was released, which already contained the
formulas (4.58)-(4.59) for the multipoles of axisymmetric microstate geometries with mod-
uli h = (1, 0, 0, 0, 1, 1, 1, 0), and as this paper was being prepared, the paper [23] appeared
which contains the multipole formulas for non-axisymmetric four-dimensional microstate
geometries at the same special values of the moduli. Here, we derive the general formulae
(A.10) and (A.15) for the multipoles of non-axisymmetric microstate geometries for arbi-
trary moduli; these reduce to the values found in [23] (given in A.16)-(A.17) below) for
the special values of the moduli. We are informed that a companion paper to [23] is also
in preparation [24].
2 Gravitational Multipoles in Four Dimensions
For an asymptotically flat four-dimensional metric, one can define multipole moments of the
gravitational field in a manifestly coordinate-invariant way. This was developed by Geroch
[25] and Hansen [26] for vacuum solutions, and later generalized to non-vacuum spacetimes
including for example a Maxwell field [27] or a scalar field [28]. In the Geroch-Hansen for-
malism, one extends the spacetime to include the point at infinity; the multipole moments
are then introduced as tensors at this point at infinity, generated by a set of potentials. As
they are tensors at infinity, the multipole moments are manifestly coordinate-invariant.
Thorne [29] introduced an alternative way to define multipole moments in a stationary,
asymptotically flat spacetime, which was later proven to be equivalent to the Geroch-
Hansen definitions [30]. In Thorne’s method, one writes the metric in a so-called ACMC-N
(asymptotically Cartesian and mass centered to order N) coordinates; in such coordinates,
one can read off the multipoles from the metric expansion at spatial infinity.
Since most of this paper focuses on four-dimensional stationary, axisymmetric space-
times with Killing vectors ∂t, ∂φ, for which the (l,m) multipoles are only non-zero for
m = 0, in this Section we will only present Thorne’s method for such spacetimes. We leave
the more involved derivation of the multipole moments of non-axisymmetric microstate
geometries to Appendix A).
Defining a slight generalization of ACMC-N coordinates, we give the metric in “asymp-
totically Cartesian” AC-N coordinates4 as:
gtt = −1 + 2M
r
+
N∑
l≥1
2
rl+1
(
M˜lPl +
∑
l′<l
c
(tt)
ll′ Pl′
)
4We will use the name “Cartesian coordinates” loosely, not distinguishing between actual Cartesian
coordinates (x, y, z) and their spherical counterparts (r, θ, φ), related in the usual way as (x, y, z) =
r(sin θ cosφ, sin θ sinφ, cos θ).
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+
2
rN+2
(
M˜N+1PN+1 +
∑
l′ 6=N+1
c
(tt)
(N+1)l′Pl′
)
+O (r−(N+3)) , (2.1)
gtφ = −2r sin2 θ
[
N∑
l≥1
1
rl+1
(
S˜l
l
P ′l +
∑
l′<l
c
(tφ)
ll′ P
′
l′
)
+
1
rN+2
(
S˜N+1
N + 1
P ′N+1 +
∑
l′ 6=N+1
c
(tφ)
(N+1)l′P
′
l′
)
+O (r−(N+3))] , (2.2)
grr = 1 +
N∑
l≥0
1
rl+1
∑
l′≤l
c
(rr)
ll′ Pl +
1
rN+2
∑
l′
c
(rr)
(N+1)l′Pl +O
(
r−(N+3)
)
, (2.3)
gθθ = r
2
[
1 +
N∑
l≥0
1
rl+1
∑
l′≤l
c
(θθ)
ll′ Pl +
1
rN+2
∑
l′
c
(θθ)
(N+1)l′Pl +O
(
r−(N+3)
)]
, (2.4)
gφφ = r
2 sin2 θ
[
1 +
N∑
l≥0
1
rl+1
∑
l′≤l
c
(φφ)
ll′ Pl +
1
rN+2
∑
l′
c
(φφ)
(N+1)l′Pl +O
(
r−(N+3)
)]
, (2.5)
grθ = (−r sin θ)
[
N∑
l≥0
1
rl+1
∑
l′≤l
c
(rθ)
ll′ P
′
l +
1
rN+2
∑
l′
c
(rθ)
(N+1)l′P
′
l +O
(
r−(N+3)
)]
, (2.6)
These coordinates are also mass-centered and thus correspond to Thorne’s ACMC-N co-
ordinates if and only if the mass dipole vanishes, M˜1 = 0. This can always be achieved by
a simple shift of the origin r = 0 along the z-axis of symmetry.
The argument of the Legendre polynomials Pl (and their derivatives) appearing above
is always cos θ. The terms that contain c
(ij)
ll′ correspond to non-physical “harmonics”, and
depend on the particular AC(MC)-N coordinates used. Note that, by definition, for a given
l ≤ N , the only cll′ terms that appear in the expansion have l′ < l. If one had a coordinate
system in which at a level lmax ≤ N one had a harmonic with a non-zero coefficient cll′
such that l′ > lmax, this coordinate system would not be AC(MC)-N but rather (at most)
AC(MC)-(lmax − 1).
For an ACMC-N coordinate system where M˜1 = 0, the true gravitational multipoles
Ml, Sl are simply given by Ml = M˜l, Sl = S˜l. In a more general AC-N coordinate system
where M˜1 6= 0, it is easy to see that a simple shift of the origin (with distance z0 =
−M˜1/M˜0) will relate Ml, Sl to M˜l, S˜l as follows:
Ml =
l∑
k=0
(
l
k
)
M˜k
(
−M˜1
M˜0
)l−k
, Sl =
l∑
k=0
(
l
k
)
S˜k
(
−M˜1
M˜0
)l−k
(2.7)
Note that the gravitational multipoles Ml, Sl are truly coordinate-independent; Ml are the
“mass multipoles” while Sl are the “current multipoles” of the metric. The most familiar
ones are the mass M = M0 and angular momentum J = S1. For coordinates that are
AC(MC)-N , the highest-level multipoles we can read off in the expansion of the metric are
MN+1, SN+1. Note that in order to ascertain that a coordinate system is ACMC-N , one
needs to check that all the metric components admit an expansion of the form (2.1)-(2.6),
and not just the gtt, gtφ components which we use to compute Ml and Sl.
For a modern review of multipoles in general relativity and their application to astro-
physical observables, see [31] (especially Section 5.1 and the Appendix).
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2.1 Kerr: a simple but cautionary example
The well-known Kerr metric provides a simple but interesting example of how to apply
(both incorrectly and correctly) the Thorne procedure to extract gravitational multipoles.
In standard Boyer-Lindquist coordinates, the metric is given by:
ds2 = −(∆− a
2 sin2 θ)
Σ
dt2 − 2a sin2 θ (r
2 + a2 −∆)
Σ
dt dφ +
(
(r2 + a2)2 −∆a2 sin2 θ)
Σ
dφ2
+
Σ
∆
dr2 + Σdθ2, (2.8)
with:
Σ ≡ r2 + a2 cos2 θ, ∆ ≡ r2 − 2Mr + a2. (2.9)
It is illustrative to consider certain components of this metric at infinity:
gtt = −1 + 2M
r
+
1
r3
([
−2
3
a2M
]
P2(cos θ)− 1
3
a2M
)
+O (r−4) , (2.10)
gtφ = (−2r sin2 θ)
[
aM
r2
+O (r−4)] , (2.11)
grr = 1 +
2M
r
+
1
r2
([
2
3
a2
]
P2(cos θ) +
[
4M2 − 2
3
a2
])
+O (r−3) . (2.12)
If we had only looked at gtt and gtφ and had compared them to (2.1)-(2.2), we might have
(mistakenly) concluded that these coordinates are (at least) ACMC-2 and therefore we can
read off the quadrupole moment from (2.10) as M2 = −2/3a2M . However, the expansion
(2.12) of grr, and in particular the presence of the P2/r
2 term, reveals that these coordinates
are at most ACMC-0, and thus the quadrupole M2 cannot be read off in Boyer-Lindquist
coordinates.
A better coordinate system is given by the transformation from the asymptotically
prolate spheroidal Boyer-Lindquist coordinates (r, θ) to the asymptotically spherical coor-
dinates rS, θS:
rS sin θS =
√
r2 + a2 sin θ, rS cos θS = r cos θ. (2.13)
The Kerr metric (2.8) in the asymptotically spherical coordinates (t, rS, θS, φ), can be easily
checked to be ACMC-N for arbitrary N , and the multipoles of Kerr can be read off as:
M2n = M(−a2)n, S2n+1 = Ma(−a2)n, (2.14)
with the other multipoles vanishing.
3 Non-Supersymmetric Black Holes in String Theory
In this section we compute the gravitational multipoles of several four-dimensional non-
extremal black holes in String Theory and Supergravity. We start with the Kerr-Newman
black hole, to give a point of reference to compare to other geometries. Then, we consider
the four-charge STU black hole (which can be considered to be an extension of Kerr-
Newman), and the Rasheed-Larsen D0/D6 black hole. We then discuss the most general
black hole in 4D STU supergravity [32], which is a generalization of both the four-charge
STU and the Rasheed-Larsen black hole.
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3.1 Warm-up: Kerr-Newman
The Kerr-Newman black hole is obtained from the Kerr metric (2.8) by the substitution
∆ → ∆ + Q2. The metric is a solution to Einstein-Maxwell theory with a gauge field
corresponding to an electric charge Q. Then, the same coordinate transformation (2.13)
is required to read off the multipoles. As is well-known, the Kerr-Newman solution to
Einstein-Maxwell gravity has the same multipoles as the Kerr solution [27]. Hence the
Kerr-Newman multipoles are also given by (2.14). Curiously, the coupling of the electric
charge, Q, to gravity conspires in such a way that all the gravitational multipoles are
insensitive to Q.
Note that we can rewrite the Kerr(-Newman) multipoles in terms of the physical charges
M,J :
M2n = M
(
− J
2
M2
)n
, S2n+1 = J
(
− J
2
M2
)n
. (3.1)
3.2 Four-charge STU black hole
The STU black hole can be written as a solution of String Theory compactified on T 6 [33].
This rotating black hole has four independent charges, which can correspond for example
to 3 sets of D2 branes wrapping orthogonal T 2’s inside T 6, and a set of D6 branes wrapping
the whole T 6. In the notation of [34], the four-dimensional part of the metric is:
ds2 = −∆−1/2G(dt+ A)2 + ∆1/2
(
dr2
X
+ dθ2 +
X
G
sin2 θdφ2
)
, (3.2)
X = r2 − 2mr + a2, (3.3)
G = r2 − 2mr + a2 cos2 θ, (3.4)
A =
2ma sin2 θ
G
[(Πc − Πs)r + 2mΠs] dφ, (3.5)
∆ =
3∏
I=0
(r + 2m sinh2 δI) + 2a
2 cos2 θ
[
r2 +mr
3∑
I=0
sinh2 δI + 4m
2(Πc − Πs)Πs (3.6)
−2m2
∑
I<J<K
sinh2 δI sinh
2 δJ sinh
2 δK
]
+ a4 cos4 θ, (3.7)
Πc =
3∏
I=0
cosh δI , Πs =
3∏
I=0
sinh δI . (3.8)
The parameters of the solution are m, a, δI (for I = 0, 1, 2, 3). The U(1) charges of the
solution are given by (with G4 = 1):
QI =
1
4
m sinh 2δI . (3.9)
This black hole is a solution of the STU model and is supported by three scalars and four
U(1) gauge fields.5
The coordinates in (3.2) are asymptotically spheroidal, and the coordinate transfor-
mation (2.13) takes them to the coordinates (t, rS, θS, φ) which are ACMC-N to arbitrary
5The pseudoscalars of the STU model are set to zero, but they imply a non-trivial constraint on the
solutions; this constraint is automatically satisfied if we take Q0 to be magnetic and Qi (i = 1, 2, 3) to be
electric (see for example [35, 36]).
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order N . This allows us to calculate all the gravitational multipoles:6
M2n =
(
1
4
m
N∑
I=0
cosh 2δI
)
(−a2)n, S2n+1 = −am(Πc − Πs)(−a2)n. (3.10)
The uncharged Kerr black hole (2.8) is obtained from (3.2) when δI = 0; in this limit the
multipoles in (3.10) reduce to the Kerr ones (2.14).
For general charges, the multipoles (3.10) can be rewritten in a form that resembles
(3.1),
M2n = M
(−a2)n , S2n+1 = J (−a2)n , (3.11)
except that now a is a black hole parameter that is generally different from J/M . It is
interesting to note that we only obtain a = ±J/M when the charge parameters satisfy:
sinh δ0 = − sinh δ1 sinh δ2 sinh δ3 ± cosh δ1 cosh δ2 sinh δ3 ± sinh(δ1 + δ2) cosh δ3, (3.12)
where assumed w.l.o.g. δ3 ≥ 0, and one can choose each of the ± signs separately.
The STU black hole (3.2) admits a BPS limit where we take m → 0 and δI → ∞
keeping the charges QI fixed. The only regular geometry in this limit is the BPS black
hole with zero angular momentum, a→ 0.
3.3 Rasheed-Larsen black hole
The Rasheed-Larsen black hole [37, 38] is a four-dimensional black hole with metric:
ds2 = − H3√
H1H2
(dt+B)2 +
√
H1H2(
dr2
∆
+ dθ2 +
∆
H3
sin2 θdφ2), (3.13)
B =
√
pq
(r (4m2 + pq)−m(p− 2m)(q − 2m))
2H3m(p+ q)
a sin2 θdφ, (3.14)
H1 = r
2 + a2 cos2 θ +
p(p− 2m)(q − 2m)
2(p+ q)
+ r(p− 2m)− p
√
(p2 − 4m) (q2 − 4m2)
2m(p+ q)
a cos θ,
(3.15)
H2 = r
2 + a2 cos2 θ +
q(p− 2m)(q − 2m)
2(p+ q)
+ r(q − 2m) + q
√
(p2 − 4m) (q2 − 4m2)
2m(p+ q)
a cos θ,
(3.16)
H3 = r
2 + a2 cos2 θ − 2mr, (3.17)
∆ = r2 + a2 − 2mr (3.18)
This metric is sourced by a gauge field and a dilaton e−2Φ4 =
√
H2/H1 [38]. There are
four parameters in this solution, m, a, p, and q, which determine the mass and angular
momentum, as well as the asymptotic electric charge Q and magnetic charge P associated
to the gauge field [38]:
Q2 =
q(q2 − 4m2)
4(p+ q)
, P 2 =
p(p2 − 4m2)
4(p+ q)
. (3.19)
6Note that in practice we have only computed the multipoles up to order l = 6, which is enough to
reveal their general structure. The computation of higher Ml or Sl is tedious but straightforward, and
so far we could not find a general proof of (3.10), but it would be quite shocking if this formula stopped
working for some higher l. Similar statements are true for the other multipoles calculated for the black
holes of Section 3.
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These can be interpreted as D0 and D6 charges when the solution is uplifted to Type IIA
String Theory. Note that the parameters of this solution have a lower bound, q, p ≥ 2m,
which is reached if and only if one of the charges vanishes.
The coordinates in (3.13) are similar to the prolate spheroidal coordinates used in the
Kerr metric (2.8); the coordinate transformation (2.13) gives us coordinates (t, rS, θS, φ).
These are AC-N coordinates (to arbitrary N) that are not ACMC-N , since M˜1 6= 0 in
these coordinates. We find:
M˜2n =
[
p+ q
4
]
(−a2)n, M˜2n+1 =
[
a
2m
p− q
(p+ q)2
√
(p2 − 4m2)(q2 − 4m2)
]
(−a2)n, (3.20)
S˜2n = 0, S˜2n+1 =
[
− a
4m
√
pq(pq + 4m2)
p+ q
]
(−a2)n, (3.21)
Note that the dipole M˜1 (and all higher-order odd coefficients M˜2n+1) vanishes if and only if
p = q, (equal electric and magnetic charges), or when one of the charges vanishes (p = 2m
or q = 2m). The true gravitational multipoles are then given by (2.7).7 Note that the even
M˜2n in (3.20) and the odd S˜2n+1 in (3.21) have the same form as those of the STU black
hole (3.11). The coefficient, a, is also generically not equal to a = ±J/M unless:
pq(pq + 4m2)2
m2(p+ q)4
= 1. (3.22)
This equation is satisfied for example when both charges vanish (p = q = 2m) and the
Rasheed-Larsen black hole becomes the Kerr black hole.
The Rasheed-Larsen black hole admits an under-rotating extremal limit, where we take
a → 0,m → 0 while keeping a/m fixed. In this limit, it is clear that only M˜0, M˜1 and S˜1
remain non-zero in (3.20)-(3.21).
The under-rotating extremal limit of the Rasheed-Larsen black hole is U-dual to a
special family of the almost-BPS [39] black holes constructed in [40]. When compactified
to four dimensions the most general almost-BPS black hole in [40] is characterized its by
angular momentum and five charges, which in String Theory correspond to D6, D2, D2,
D2 and D0 branes. It is easy to see that the multipole structure of the general almost-BPS
extremal black hole in [40] is precisely the same as that of the under-rotating extremal
limit of the Rasheed-Larsen black hole, and thus only M˜0, M˜1 and S˜1 are non-zero.
3.4 Most general STU black hole
Finally, we also compute the multipole moments of the most general rotating STU black
hole described in [32] (see especially Section 5.2 therein), which reduces to all the previous
black hole solutions in special limits. The metric is given by:
ds2 = −R− U
W
(dt+ ω)2 +W
(
dr2
R
+
du2
U
+
RU
a2(R− U)dφ
2
)
, (3.23)
R = r2 − 2mr + a2 − n2, U = a2 − (u− n)2, (3.24)
W 2 = (R− U)2 + (2Nu+ L)2 + 2(R− U)(2Mr + V ), (3.25)
ω =
2N(u− n)R + U(L+ 2Nn)
a(R− U) dφ, (3.26)
L = 2(−nν1 +mν2)r + 4(m2 + n2)D, V = 2(nµ1 −mµ2)u+ 2(m2 + n2)C. (3.27)
7The formulae we will derive below, (3.33)-(3.34), are also applicable for the Rasheed-Larsen black
hole.
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The solution depends on 11 parameters: the mass, NUT-charge, and rotation parameters,
m,n and a, as well as four electric/magnetic charge parameters, δI/γI , for I = 0, · · · , 3.
The actual mass and NUT charge of the solution are given by:
M = mµ1 + nµ2, N = mν1 + nν2, (3.28)
and µ1,2, ν1,2, C,D are complicated parameters, whose dependence on the electric and mag-
netic parameters δI , γI we give explicitly in Appendix D.
As we are only considering asymptotically flat metrics, we must set the NUT charge to
zero, N = 0, implying that the NUT parameter is set to:
n = −mν1
ν2
. (3.29)
We can then obtain asymptotically spheroidal coordinates by taking:
u = n+ a cos θ. (3.30)
To extract the multipoles, we must pass to asymptotically spherical coordinates by further
using the coordinate transformation (2.13). Then, the coordinates (t, rS, θS, φ) are again
AC-N to all orders, but not ACMC-N , just as for the Rasheed-Larsen black hole of Section
3.3. Using the quantities and definitions:
M = M0 = m
(
µ1 − ν1
ν2
µ2
)
, J = S1 = −ma(ν
2
1
ν2
+ ν2), (3.31)
D ≡ M˜1
a
= m
(
µ2 +
ν1
ν2
µ1
)
,
Z ≡ D − iM, Z¯ = D + iM, (3.32)
we can rewrite the multipole moments of this black hole as:
Ml = − i
2
(
− a
M
)l
ZZ¯
(
Z l−1 − Z¯ l−1) , (3.33)
Sl =
i
2
(
− a
M
)l−1 J
M
(
Z l − Z¯ l) (3.34)
Note that the multipoles Ml, Sl of the Rasheed-Larsen black hole are also given by (3.33)-
(3.34) for M = M0, J = S1, D = M˜1/a taken from (3.20)-(3.21).
This general black hole thus generalizes the Rasheed-Larsen black hole discussed in
Section 3.3, which corresponds to δ1,2,3 = γ1,2,3 = N = 0 in (3.23). It is also a generalization
of the four-electric-charge STU black hole discussed in Section 3.2, to which it reduces when
when γI = N = 0.
4 Supersymmetric Bubbling Multi-Center Geometries
In this section, we discuss the gravitational multipoles of bubbling microstate geome-
tries that have the same mass and charge as black holes but have no angular momentum
[41, 42, 43]. These smooth geometries as usually built as solutions to five-dimensional
supergravity, and, depending on certain parameters can have R4,1 or R3,1 × S1 asymp-
totics, and thus represent microstate geometries of five or four-dimensional black holes.
When the asymptotics is R3,1×S1 these solutions can be reduced to certain families of the
four-dimensional multi-center solutions constructed by Denef and Bates [44, 45, 46].8
8See Appendix A of [5] for the relation between the “Denef four-dimensional conventions” and the
five-dimensional conventions we use here.
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We introduce these geometries in Section 4.1 and we derive analytic formulae for general
multi-center solutions with all centers on the z-axis in Section 4.2. Finally, we apply our
multipoles formulae to “scaling” geometries in Section 4.3 (including “pincer” geometries
in Section 4.3.1), and we compute dimensionless ratios of multipoles that stay finite in the
scaling limit and thus characterize the resulting black hole.
4.1 Four-dimensional multi-center geometries
We want to compute the multipoles of a class of supersymmetric bubbling multi-center
solutions whose four-dimensional metric is:
ds2 = −(Q(H))−1/2(dt+ ω)2 + (Q(H))1/2 (dr2 + r2dθ2 + r2 sin2 θdφ2) . (4.1)
The solution is completely determined by 8 harmonic functions H = (V,KI , LI ,M) (I =
1, 2, 3) on the flat R3 basis defined by (r, θ, φ) [47, 48, 49]. These harmonic functions
are determined by the locations of their poles, ~ri (i = 1, · · · , N), which are commonly
known as “centers”. The coefficients hi together are the charges associated to the center
i, collectively denoted in the charge vector Γi:
Γi =
(
vi, ki1, k
i
2, k
i
3, l
i
1, l
i
2, l
i
3,m
i
)
, (4.2)
and the moduli at infinity are collectively grouped in h as:
h =
(
v0, k01, k
0
2, k
0
3, l
0
1, l
0
2, l
0
3,m
0
)
. (4.3)
The harmonic functions are then collectively given by:
H = h+
N∑
i=1
Γi
ri
, (4.4)
where ri ≡ |~r − ~ri| is the distance in R3 to the i’th center. We further need to specify
the completely symmetric constant tensor CIJK that characterizes the five-dimensional
supergravity theory in which we work; for the STU model CIJK = |IJK |. The warp
factors and KK rotation parameters of the five-dimensional solution are:
ZI = LI +
1
2
CIJK
KJKK
V
, µ = M +
1
2V
KILI +
1
6V 2
CIJKK
IKJKK , (4.5)
and the warp factor of the four-dimensional solution, Q(H), is given by the simple expres-
sion:
Q(H) = Z1Z2Z3V − µ2V 2. (4.6)
In Appendix A we will derive the multipole moments for the most general multicenter
solution, but in this Section will only consider axisymmetric bubbling geometries, where
all centers are on the z-axis (at positions zi) and ∂φ is a Killing vector of the full solution.
For these solutions the four-dimensional rotation parameter, ω, is:
ω =
∑
i<j
ωijdφ, (4.7)
with each pair of centers (i, j) contributing:
ωij =
〈Γi,Γj〉
|zi − zj|
(
zi − r cos θ√
r2 + z2i − 2rzi cos θ
− (zi ↔ zj)
+
r2 + zizj − r(zi + zj) cos θ√
r2 + z2i − 2rzi cos θ
√
r2 + z2j − 2rzj cos θ
− 1
 , (4.8)
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where we have used the symplectic product of two charge vectors:
〈Γi,Γj〉 ≡ mivj − 1
2
kiI l
j
I − (i↔ j). (4.9)
Finally, to avoid Dirac-Misner strings at any center, i, the positions of the centers and
their charges must satisfy the so-called bubble equations:∑
j 6=i
〈Γi,Γj〉
|~ri − ~rj| = 〈h,Γ
i〉 . (4.10)
From a five-dimensional perspective, for a certain choice of the parameters of the harmonic
functions [41, 42, 43], the solutions described by the system above are smooth and have no
horizon. They are therefore microstate geometries, in which the horizon of the black hole
is replaced by a smooth cap. This is the only know example of structure at the scale of the
horizon that can be constructed in a theory where gravity is taken into account. The reason
why this structure does not collapse into the black horizon is the presence of topologically-
nontrivial cycles wrapped by fluxes, and it was argued by Gibbons and Warner that this
mechanism is the only one that can prevent the collapse of horizon-sized-structure into a
black hole [11, 12].
When compactified to four dimensions, this topologically-nontrivial structure corre-
sponds to multi-center configurations of D6 branes with Abelian worldvolume flux. Each
of these D6 branes preserves 16 supercharges, but together they preserve only the 4 su-
percharges of the black hole. Some of these D6 branes have positive charge and mass and
some have negative charge and negative mass (like orientifolds). From a four-dimensional
perspective, it is this latter feature that prevents the collapse into the black hole.
It is important to note that our calculations are independent of the smoothness of
the multi-center bubbling solutions in five dimensions, as long as the bubble equations,
(4.10) are satisfied. Hence, the formulae which we derive apply also to the most general
multicenter solution in four dimensions [46], including for example the descendants of black
rings in Taub-NUT [49, 50, 51].
4.2 Gravitational multipoles
Every term in the harmonic functions with a pole on the z-axis at the position zi has the
multipole expansion:
1
ri
=
1√
r2 + z2i − 2rzi cos θ
=
∞∑
l=0
zli
Pl(cos θ)
rl+1
, (4.11)
and the harmonic functions can be expanded as:
H = h+
∑
i
hi
ri
= h+
∑
i
hi
∞∑
l=0
zli
Pl(cos θ)
rl+1
. (4.12)
When we multiply two such harmonic functions together, at O(r−(l+1)) we get:
(HAHB)O(r−l−1) = (h
0
A
∑
i
hiBz
l
i + h
0
B
∑
i
hiAz
l
i)
Pl(cos θ)
rl+1
+
(lower harmonics)
rl+1
, (4.13)
where the lower harmonics are proportional to Pl′(cos θ)Pl′′(cos θ) with (l
′+ 1) + (l′′+ 1) =
l + 1 or l′ + l′′ + 1 = l so that in particular l′ + l′′ < l. This implies that these do not
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contribute to the l-th multipole of the product HAHB. To extract the l-th multipole from
a generic function f(HA) of harmonic functions HA, the formula above generalizes to:
f(HA)|O(r−l−1) =
Pl(cos θ)
rl+1
∑
B
∂h0B [f(HA)∞]
∑
i
hiBz
l
i +
(lower harmonics)
rl+1
, (4.14)
where we introduced the notation f(HA)∞ := limr→∞ f(HA) to denote the functional
evaluated when the radius is taken to infinity; this can be thought as a function of the
moduli h0A.
Mass multipoles For a general multi-center solution with centers on a line, the reasoning
above allows us to find all the mass multipole by using the expansion (2.1):9
Ml = −1
2
∑
A
∂h0A
[Q−1/2∞ ]∑
i
hiAz
l
i, (4.15)
where Q∞ ≡ Q(h0) is the quartic invariant (4.6) evaluated on the moduli h0 (instead of
on the harmonic functions H as in (4.6)); note that Q∞ = limr→∞Q(H). Explicitly, we
have (note that we are using the 5D notation for the moduli):
4Q∞ = −
∑
I
(k0I )
2(l0I)
2 + 4v0l01l
0
2l
0
3 − 4(v0)2(m0)2 − 4v0m0
∑
I
k0I l
0
I − 8m0k01k02k03 (4.16)
+ 2
[
(k01l
0
1)(k
0
2l
0
2) + (k
0
1l
0
1)(k
0
3l
0
3) + (k
0
2l
0
2)(k
0
3l
0
3)
]
.
Note that the actual value of the moduli must be such that Q∞ = 1, to ensure that the
metric is indeed asymptotically flat.
We can rewrite the mass multipole function a bit more explicitly as:10
Ml = −1
2
(
∂v0
[Q−1/2∞ ]∑
i
vizli +
∑
I
∂k0I
[Q−1/2∞ ]∑
i
kiIz
l
i
+
∑
I
∂l0I
[Q−1/2∞ ]∑
i
liIz
l
i + ∂m0
[Q−1/2∞ ]∑
i
mizli
)
. (4.17)
Current multipoles These will be completely determined by ωφ. First, we consider the
first line of (4.8), and in particular the term of the form:(
zi − r cos θ√
r2 + z2i − 2rzi cos θ
)
O(r−l)
= zi
zl−1i Pl−1(cos θ)
rl
− cos θz
l
iPl(cos θ)
rl
+ · · ·
=
1
rl
zl1
(
sin2 θ
l
)
P ′l (cos θ) + · · · , (4.18)
where the · · · stand for lower harmonics, and we have used the recurrence relation:
x2 − 1
n
P ′n(x) = xPn(x)− Pn−1(x). (4.19)
9Note that we must choose the position of the centers relative to the coordinate origin such that M1 = 0
so that these are indeed the true gravitational multipoles Ml.
10Note that in this equation we define (zli)l=0 ≡ 1; this is important to avoid order of limits problems
when a center is at the origin (zi = 0), or when we take the scaling limit, zi → 0.
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It is not hard to see after a bit of thought that the second line of (4.8) (which goes as
1/(rirj)) only contains lower harmonics at a given order of l, so it will not contribute to
the relevant multipole.
Comparing to (2.2), we can therefore conclude that the current multipoles are given
by:
Sl =
1
2
∑
i<j
〈Γi,Γj〉
|zi − zj|(z
l
i − zlj), (4.20)
where we used the fact that Q∞ = 1. Note in particular that Q does not contribute at all
to the current multipoles (it only gives lower harmonics in the expansion of gtφ). We can
rewrite this expression using the bubble equations (4.10) as:
Sl =
1
4
∑
i,j
〈Γi,Γj〉
|zi − zj|(z
l
i − zlj)
=
1
4
∑
i
(∑
j
〈Γi,Γj〉
|zi − zj|
)
zli −
1
4
∑
j
(∑
i
〈Γi,Γj〉
|zi − zj|
)
zlj
=
1
2
∑
i
〈h,Γi〉 zli. (4.21)
where for convenience we always use the convention that the i = j term vanishes in the
double sums.
From the above considerations about Q and ωφ, we can also easily conclude that the
purely spatial metric components in (4.1) have an expansion that satisfies the AC-N con-
dition (2.3)-(2.6) for arbitrary N . If additionally we choose the position of the origin z = 0
such that M1 = 0, then we can conclude that the coordinates in which the metric (4.1) is
written are ACMC-∞ !
4.3 Particular scaling geometries
We are now in the measure to introduce several explicit multi-center geometries whose
gravitational multipoles we will compute. In Section 4.3.1, we introduce so-called “pincer”
geometries (both Z2-symmetric and asymmetric), and in Section 4.3.2 we introduce four
different four-center scaling solution. We will label the pincers by a pair of integers, (n1, n2),
where the pincer’s number of centers is N = [(2n1 + 2n2) + 3]; the four-center geometries
will be labelled A,B,C,D.
4.3.1 Pincer geometries: (n1, n2)
As a concrete example, we will consider the “pincer” geometries, of which the original
5-center (asymmetric) pincer was given in [4], later generalized to a 7-center Z2-symmetric
pincer in [4, 52] and generalized to symmetric N = 4n + 3 center pincers for n = 1, · · · , 6
(N = 7, · · · , 27) in [5]. We will also consider an (asymmetric) 9-center pincer, which has
not appeared before in the literature.
Our pincer geometries have N = [(2n1 + 2n2) + 3] centers on the z-axis; we will consider
the symmetric pincers with n1 = n2 = 1, · · · , 6 (hence with 7, 11, 15, 19, 23 and 27 centers)
and the asymmetric pincers with n2 = n1 + 1 = 1, 2 (with 5 and 9 centers).
The vi, kiI charges of the centers are given by:
vi = (n1 × {20,−20},−12, 25,−12, {−20, 20} × n2), (4.22)
kiI = k˜
i
I − vik˜(tot)I , (4.23)
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with:
k˜i1 = (n1 × {1375,−1325},
5
2
12,
5
2
12,
5
2
12, {−1325, 1375} × n2), (4.24)
k˜i2 = (n1 × {−
1835
2
+ 980kˆ,
1965
2
− 980kˆ}, 12kˆ, 25kˆ, 12kˆ, (4.25)
{1965
2
− 980kˆ,−1835
2
+ 980kˆ} × n2),
k˜i3 = (n1 × {−
8260
3
,
8380
3
}, 1
3
12,
1
3
25,
1
3
12, {8380
3
,−8260
3
} × n2), (4.26)
and finally:
k˜
(tot)
I =
∑
i
k˜iI . (4.27)
The gauge of the k charges has been chosen such that
∑
i k
i
I = 0 for all I (note that∑
i v
i = 1). The liI ,m
i charges are given by:
liI = −
1
2
CIJK
kiJk
i
K
vi
, mi =
1
12
CIJK
kiIk
i
Jk
i
K
(vi)2
, ∀i (no sum), (4.28)
which are the conditions needed to ensure the uplift to a five-dimensionala multi-center
bubbling solution with a Gibbons-Hawking base space is smooth (modulo orbifolds). We
will always take the origin z = 0 to be such that the mass dipole moment of the solution
vanishes, M1 = 0. For symmetric pincers with n1 = n2, this implies the (2n1 + 1)-th center
is at the origin and that the solution is Z2 symmetric under z ↔ −z. Since we would like
the metric to have flat asymptotics, we will choose the constants in the harmonic functions
to be:11:
(v0, k01, k
0
2, k
0
3, l
0
1, l
0
2, l
0
3,m
0) = (1,−2m0, 0, 0, 1, 1, 1,m0), (4.29)
where m0 is fixed (as a function of kˆ) to the the value necessary to ensure that the sum of
the bubble equations (4.10) vanishes:∑
i
〈h,Γi〉 = 0, → m0 =
∑
im
i
1 +
∑
i l
i
1
. (4.30)
Note that limr→∞Q(H) = Q∞ = 1 is automatically satisfied by our choice of moduli,
ensuring that the metric is asymptotically flat when compactified to four dimensions.
We can also perform a further gauge transformation (see e.g. (94) of [43]):
K1 → K1 + c V, LI → LI − cCIJ1KJ , M →M − c
2
L1, (4.31)
with gauge parameter:
c = 2m0, (4.32)
and then the moduli become:
(v0, k01, k
0
2, k
0
3, l
0
1, l
0
2, l
0
3,m
0) = (1, 0, 0, 0, 1, 1, 1, 0). (4.33)
Note however that in this gauge, (still)
∑
im
i 6= 0; this is because the equation to the right
of the arrow in (4.30) is not gauge-invariant. This gauge for which the moduli are (4.33)
is a natural gauge in four dimensions for solutions with D2,D2,D2 and D6 charges.
11Since we have flat R3,1 × S1 asymptotics, these constants are different from those in [5, 4, 52], which
have have flat R4,1 asymptotics; in particular, we also have non-zero v0 and k01.
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The pincer geometries depend on the value of the parameter kˆ and admit a “scaling”
limit for kˆ → k∗ where:
k∗ ≈ 3.1797. (4.34)
Note that this value this is approximately independent of n1, n2. In the scaling limit the
distances between the centers vanish, while the solutions develop a longer and longer black
hole-like throats. This is achieved by a very small change of the constant k∗ which gives
rise to solutions in which the inter-center distances rij scales as rij →  rij. The scaling
limit is when all centers coincide, → 0.
4.3.2 Four geometries with four centers: A−D
We will introduce four four-center geometries, which we will label by the letters A,B,C,D.
Geometry A We consider the four-center scaling solution constructed in [7]. The vi, k˜iI
charges (with the kiI charges determined by (4.23) and (4.27)) of the centers are given by:
vi = (1, 1, 12,−13) , (4.35)
k˜i1 =
(
− 2087
10000
,−678089
1250
,
55636379
10000
+ kˆ,
3445309
2000
)
, (4.36)
k˜i2 =
(
− 491
2500
,
4712993
1250
,
30306499
5000
,
32175101
5000
)
, (4.37)
k˜i3 =
(
1
10000
,−49939
10000
,−311181
5000
,
133657
2000
)
. (4.38)
The liI ,m
i charges are again given by12 (4.28), and we use the same asymptotically flat
moduli (4.29) with m0 determined by (4.30). The scaling solution is at:
kˆ ≈ −0.804597. (4.39)
We again take the origin of our coordinate system, z = 0, to be such that the mass dipole
moment of the solution vanishes, M1 = 0.
Geometry B The charges for this solution13 are given by (again with (4.23), (4.27),
(4.28), (4.29), and (4.30)):
vi = (1.000,−156.96, 159.0,−2.04) , (4.40)
k˜i1 =
(
0.4951 + kˆ,−217.1, 166.6,−6.899
)
, (4.41)
k˜i2 = (0.9053,−474.0, 461.6,−6.905) , (4.42)
k˜i3 = (1.226,−68.79, 50.96,−0.6686) . (4.43)
The scaling solution is at:
kˆ ≈ 0.5354. (4.44)
12Note that the kˆ = 0 solution given explicitly in eq. (46) of [7] has a typo in the sign of the m-charge
of center 1.
13We thank Pierre Heidmann for sharing the charges of this unpublished scaling geometry with us.
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Geometry C The charges for this solution13 are given by (again with (4.23), (4.27),
(4.28), (4.29), and (4.30)):
vi = (1.000,−1.896, 2.000,−0.104) , (4.45)
k˜i1 =
(
0.7796 + kˆ,−20.99, 15.88,−7.329
)
, (4.46)
k˜i2 = (0.4543, 2.452,−9.061, 0.1448) , (4.47)
k˜i3 = (−0.09249,−5.241, 3.364,−0.2651) . (4.48)
The scaling solution is at:
kˆ ≈ −1.6122. (4.49)
Geometry D The charges of this solution were given in [8] (eq. (4.3)). This solution
consists of three (smooth) Gibbons-Hawking centers and one supertube at the second
center. The vi, k˜iI charges for this solution are given by (again with (4.23), (4.27), (4.29),
and (4.30)):
vi = (1, 0, 1,−1) , (4.50)
k˜i1 =
(
−184 + kˆ,−60, 27, 361
)
, (4.51)
k˜i2 = (−145, 0, 10909, 5308) , (4.52)
k˜i3 = (1, 0,−68, 67) . (4.53)
For the Gibbons-Hawking centers 1, 3, 4, the liI ,m
i charges are given by (4.28). For the
supertube center 2 (with v2 = 0), these charges are given by:(
l21, l
2
2, l
2
3;m
2
)
= (0,−1300, 1229796; 13322790) . (4.54)
The scaling solution is at:
kˆ ≈ −0.000034117. (4.55)
This geometry is not smooth in five dimensions, because the Gibbons-Hawking charge
of the second center is zero. However, if one dualizes this solution to the duality frame
in which the three D2 charges correspond to D1 and D5 charges and to momentum along
their common direction, the second center will have a dipole charge corresponding to a KK
monopole whose special direction is along the D1-D5 common direction. In this duality
frame the solution is smooth.
4.4 Multipoles
For moduli given by (4.29), the multipole formulae (4.17) and (4.21) simplify to:14
Ml =
1
4
∑
i
[
vi − 2m0(ki2 + ki3) + (li1 + li2 + li3)
]
zli, (4.56)
Sl =
1
2
∑
i
[
m0(vi + li1)−mi +
1
2
(ki1 + k
i
2 + k
i
3)
]
zli. (4.57)
14Note that (4.56)-(4.57) are explicitly asymmetric in the three different species of charge I because of
the way in which the moduli (4.29) are chosen. However, we checked that the results of Section 5 (and
Appendix C) stay qualitatively the same if we change (4.29) to have k0I = −2m0 for I = 2, 3 (and the
other k0J 6=I = 0) instead.
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If we further perform the gauge transformation (4.31)-(4.32), such that m0 → 0 and the
moduli of the solution have the canonical values corresponding to a D2-D2-D2-D6 black
hole in four dimensions (4.33), these expressions simplify even further and take the very
illustrative form:
Ml =
1
4
∑
i
[
vi + li1 + l
i
2 + l
i
3)
]
zli, (4.58)
Sl =
1
4
∑
i
[−2mi + ki1 + ki2 + ki3] zli. (4.59)
For any scaling geometry, in the scaling limit where zi = zi with  → 0, all multipoles
except the mass, M0, vanish. This includes the four-dimensional angular momentum,
S1 = J . Since in the scaling limit the throat becomes infinite and the solution becomes
identical to the black hole, this is consistent with the fact that for supersymmetric black
holes in four dimensions (which are non-rotating), all the multipoles except M0 vanish.
Note that for the Z2-symmetric pincers with n1 = n2, these multipole formulae imply
immediately that all odd multipole moments vanish:
[M2n+1]n1=n2 = [S2n+1]n1=n2 = 0. (4.60)
5 A New Window into Black Hole Physics
The (static) BPS black hole does not have any non-vanishing multipole moments (except
the mass M0). This means that any ratio of multipole moments is also in principle ill-
defined. Nevertheless, we will introduce two ways in which we can associate a well-defined,
finite multipole ratio to the static, BPS black hole. These two ways will be the direct
BPS and indirect methods. The direct BPS method involves taking the scaling limit of
supersymmetric microstate geometries, while the indirect method involves considering the
extremal limit of a family of non-extremal black holes.
Our indirect method can also easily be extended to calculate multipole ratios for non-
extremal black holes, such as Kerr. This allows us also to associate to these non-extremal
black holes multipole ratios that were previously unknown and that characterize their
physics.
We introduce these two methods in the next subsection, after which we compare and
discuss them for BPS black holes. Finally, we also discuss the ratios of vanishing multipoles
for non-extremal black holes.
5.1 Two methods of computing ratios of vanishing multipoles
Direct BPS method for BPS microstates The direct BPS method involves taking
supersymmetric, scaling multi-center solutions such as those introduced in Section 4.3.
In the scaling limit  → 0, the centers coincide, and the metric becomes that of the
corresponding (static, BPS) black hole, and all multipoles vanish except M0. However,
certain ratios of multipoles are independent of the scaling parameter  and thus remain
well-defined and finite in the scaling limit  → 0. Hence, the microstate geometries allow
us to obtain information about this black hole that cannot be obtained from the black hole
solution (where these ratios are undefined as they are zero over zero).
For example, we can consider dimensionless ratios of mass multipoles:
M{a1,a2,··· }/{b1,b2,··· } :=
Ma1Ma2 · · ·
Mb1Mb2 · · ·
. (5.1)
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The dimension of Ml (or Sl) is [length]
l+1, so to construct dimensionless ratios we need to
demand that
∑
i(ai+1) =
∑
i(bi+1). Note that a ratio calculated in the scaling microstate
geometries will not be zero or infinite in the scaling limit in which the centers coincide
( → 0) if and only if ∑i ai = ∑i bi. A simple example of such a dimensionless ratio is
the square of the quadrupole moment M2 divided by the product of the hexadecapole M4
moment and the mass M0:
M2,2/4,0 := M2M2
M4M0
. (5.2)
We can similarly define S{a1,a2,··· }/{b1,b2,··· } as dimensionless ratios of current multipoles15
Sl. Furthermore, we can consider mixed ratios, involving mass and current multipoles, such
as
S6M0
S2M2M2
. (5.3)
All these ratios remain finite as the throat of the microstate geometry is taken to infinity,
and hence these ratios constitute non-trivial characteristics of the black hole that cannot
be inferred directly from the black hole solution.
We call this method of associating multipole ratios to the static, BPS black hole the
direct BPS method, as it only involves considering supersymmetric geometries.
Indirect method for BPS black holes We can consider a family of non-extremal,
rotating STU black holes (those of Section 3.4) with its electric and magnetic charges held
fixed. Every (rotating) black hole in this family has non-zero multipoles, which vanish in
the non-rotating (a → 0) and extremal BPS (m → 0) limits16. However, many ratios of
these vanishing multipoles remain finite in this limit, and one can argue that these finite
ratios characterize the corresponding BPS black hole, even if they cannot be computed
directly in the BPS black hole solution.
These finite ratios will be a function of the black hole parameters µ1, µ2, ν1, ν2, as can
be seen from (3.31). More computational details of this method are given in Appendix
B, including the explicit values of these parameters for the black holes we consider. From
(3.31) and the multipole formulae (3.33)-(3.34), it is clear that the same ratios that are
well-defined and finite for this method, are those that are also well-defined and finite in
the direct BPS method.
We call this method the indirect method of calculating multipole ratios for the BPS
black hole as it involves departing from extremality, and thus deforming the black hole in
question.
Indirect method for non-extremal black holes The indirect method can also be
applied to calculate ratios of vanishing multipoles for any black hole in which some of the
multipoles vanish, such as the Kerr or Kerr-Newman black hole, or the other black holes
discussed in Section 3.2 and 3.3. We simply deform the black hole in question to a more
general STU black hole with four electric and four magnetic charges (of the kind presented
in Section 3.4), calculate the multipole ratios, and take the limit of these multipole ratios
as we go back to the original black hole.
Any multipole calculated for a general black hole in Section 3.4 is a function of the
four parameters M,J,D, a as can be seen from (3.33)-(3.34) with (3.32) (with M,J,D
given in (3.31)). Thus, any multipole ratio M (which may involve both mass and current
15For convenience, if one of the ai, bi are zero, we use M0 instead of S0.
16For more details on how these limits are taken, see Section 8.1 of [32].
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multipoles) of such a black hole is a function of these four parameters:
M =M(M,J,D, a). (5.4)
From (3.33)-(3.34), (3.32), and (3.31)), it is clear that generically all multipoles are non-
vanishing (except M1), which means any multipole ratioM is well-defined. Then, one can
simply take the limit of M to the (special) black hole in question.
For example, for Kerr or Kerr-Newman black holes, the appropriate limit is:
MKerr = lim
J→Ma
lim
D→0
M(M,J,D, a). (5.5)
Beyond Kerr, the above procedure can also easily be extended to the four-charge black hole
of Section 3.2. The multipoles of this black hole differ from those of the Kerr(-Newman)
black hole because J 6= Ma, so the appropriate limit is only:
M4-charge = lim
D→0
M(M,J,D, a). (5.6)
This limits (5.5) or (5.6) are always well-defined (although the results may be infinite),
since they are insensitive to which direction in charge-space we take it. Thus, they associate
well-defined multipole ratios with the black hole in question. Note that these limits can
also be used for computing ratios of non-vanishing multipoles which can also be computed
directly in the black hole geometry.
We can interpret the indirect method as placing the (special) black hole, such as the
BPS or the Kerr black hole, in a larger phase space of black holes given by the most general
STU black holes of Section 3.4. Then, the statement that generically all multipoles are
non-vanishing means that the sub-space of black holes with (some) vanishing multipoles
is of codimension larger than zero in this large phase space. Our indirect method then
simply corresponds to defining the multipole ratios over the entire (large) phase space by
continuity.
5.2 Comparing methods for BPS black holes
As we can see from the multipole moments of multi-center geometries (4.56)-(4.57), multi-
pole ratios calculated by the direct BPS method will generically be finite and well-defined,
unless an accidental symmetry of the microstates causes one or more multipole moments
to vanish (even before taking the scaling limit). This is precisely what happens for the Z2
symmetric pincers (n, n) introduced in Section 4.3.1; from (4.56)-(4.57) we can immediately
see that for these geometries, all odd multipoles vanish, M2n+1 = S2n+1 = 0. Thus, here
we will only consider the other six geometries — the two asymmetric pincers (1, 0) and
(2, 1) from Section 4.3.1 and the four four-center geometries A,B,C,D of Section 4.3.2.
For these six geometries, we will calculate multipole ratios and compare them to those of
the corresponding static, BPS black hole as calculated with the indirect methods. Note
that we discuss multipole ratios of the symmetric pincers (calculated using the direct BPS
method) further in Appendix C.
We give the explicit numerical values of several ratios of vanishing multipole of relatively
low multipole order, calculated via the direct BPS and indirect methods, both in Table 2
for the two asymmetric pincer geometries (1, 0) and (2, 1), and in Table 1 for the four-center
geometries A,B,C,D.
One thing that is immediately clear in Tables 2 and 1 when comparing the direct BPS
and indirect methods, is that the values the two methods give for the multipole ratios
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match extremely well for geometries A and B, and rather poorly for the others. We can
also see this in more detail graphically. Defining the function:
R
(M)
2 (L, δ) ≡M{L(1+δ),L(1−δ)}/{L,L} =
ML(1+δ)ML(1−δ)
(ML)2
, (5.7)
we give the graph of R
(M)
2 (L, δ) at δ = 1/2 for even L for the six geometries in fig. 1. All
geometries (calculated in either direct BPS or indirect methods) have R
(M)
2 (L = 2, δ =
1/2) = 0 since M1 = 0, but otherwise we can immediately see in fig. 1a that the direct
BPS and indirect methods give wildly different results for each of the four geometries
(1, 0), (2, 1), C,D. On the other hand, we can see in fig. 1b that for geometry A, the
two methods match very nicely until L ∼ 14, where they start to give different values for
R
(M)
2 (L, δ). Geometry B does even better; in fig. 1c we see that the two methods match
until L ∼ 40.
To parameterize how much the ratios of vanishing multipoles differ when calculated
using our two methods, we can define a so-called entropy parameter H as [7]:
H = Q(QI , PI)
Q1Q2Q3Q4
, (5.8)
where Q is the quartic invariant (4.6), evaluated on the charges QI , PI (instead of on the
harmonic functions as in (4.6)); explicitly, we have [32]:
Q(QI , PI) = 1
4
(
4(
∏
I
QI +
∏
I
PI) + 2
∑
I<J
QIQJPIPJ −
∑
I
Q2IP
2
I
)
. (5.9)
The four-dimensional BPS black hole has entropy S = pi
√Q(QI , PI); thus the dimen-
sionless parameter H quantifies how small is the entropy of our black holes compared
to the entropy of a purely electric black hole with the same charges. If one uplifts
our four-dimensional black holes to five-dimensional BMPV black holes, H parameter-
izes how close to the cosmic censorship bound these BMPV black holes are. Indeed,
SBMPV = 2pi
√
Q1Q2Q3 − J2 and17 H = (Q1Q2Q3 − J2)/(Q1Q2Q3).
The value of the entropy parameter for the six geometries in question can be found
in table 3. We see that geometries A and B have an extremely small H, and hence it
is possible that there is a correlation between a small H and a good matching between
direct BPS and indirect methods of calculating multipole ratios. To make this correlation
quantitative we can define a “mismatch parameter” E , for a given ratio M:
E (M) ≡
∣∣∣∣M(dir) −M(ind)M(ind)
∣∣∣∣ , (5.11)
where M(dir) is the ratio calculated using the direct BPS method and M(ind) using the
indirect method. Thus, E (M) gives the relative difference in value between the two methods
for a given multipole ratio. In table 3, we give the value for E(ave), which is the average of
(5.11) over the 12 multipole ratios considered in tables 2, 1. The correlation between these
two quantities can be seen very clearly in a log-log plot, see fig. 2.
17For our black holes, note that in four dimensions our magnetic charges satisfy P2 = P3 = 0 and
P1 = −P4, and moreover Q4 = 1 (since for all geometries we consider,
∑
i v
i = 1), so that:
Q(QI , PI) = Q1Q2Q3Q4 − 1
4
(Q1 +Q4)
2(P1)
2. (5.10)
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From the above considerations, it is not a giant leap to conjecture that this is a general
phenomenon: the multipole ratios calculated using the direct BPS and indirect methods
will agree more when H is small, and hence the entropy coming from the electric charges
is mostly eaten by the electric-magnetic interactions (or five-dimensional angular momen-
tum). We have checked that there is no correlation between the relative error given in
table 3 and any other parameter, including the black hole entropy itself, or the maximum
scale separation between centers in the corresponding microstate geometry18.
Having discussed when the direct BPS and indirect methods give the same answers for
multipole ratios, we can also consider the regime in which their answers differ. For such
ratios, one can ask which of the two methods gives the most trustworthy result?
Consider fig. 3, where we plot R
(M)
2 (L, δ = 1/2) for even L between 2 and 200 for
our six geometries, using both the direct BPS and the indirect methods. For the A,B
geometries, with small H and thus a good matching between the two methods (at low
multipole order), we see that both the direct BPS and indirect methods produce smooth,
continuous graphs. However, for the other four geometries, where the two methods disagree
even at low multipole order, we see that the direct BPS method (also) produces smooth,
continuous graphs whereas the multipole ratios calculated using the indirect method are
highly oscillating and their graphs are discontinuous.
For this reason, we conjecture that for supersymmetric black holes, the direct BPS
method of calculating multipole ratios is more reliable and gives more sensible results than
the indirect method. We discuss and analyze more multipole ratios calculated using the
direct BPS method, including numerous figures, in Appendix C.
This being said, the wild oscillations of multipole ratios computed using the indirect
method for supersymmetric black hole does not seem to be present in the multipole ra-
tios computed using this method for the Kerr black hole (and for other non-extremal
black holes). It is therefore possible that the direct BPS method works better than the
indirect one close to the BPS bound, but the two methods give closer results for non-
supersymmetric black holes. To settle this issue one would need to compute multipole
moments of microstate geometries for Kerr black hole. Such microstate geometries were
constructed for the NHEK solution [53], but these do not yet have flat asymptotics.
18We can define a dimensionless parameter S that quantifies the scale separation in a microstate as
follows:
S = (n− 1) min(i,j) |zi − zj |
max(i,j) |zi − zj | , (5.12)
where both the minimum and maximum distances are taken over pairs of centers, and n is the number
of centers of the microstate geometry. Thus, this quantity is independent of the scaling parameter  (for
scaling solutions). We have S ≤ 1 and S = 1 when all the centers are spaced equally (and thus there is
precisely no scale separation). We can calculate S(A,B,C,D) = (0.64, 0.088, 0.022, 0.97) and see immediately
that there is no correlation between S and ∑i E(Mi).
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direct BPS indirect
Row Ratio A B C D A B C D
1
M2S3
M4S1
1.0100 1.0000 1.0564 0.79636 1 1 1 1
2
M5S3
M3S5
1.1833 1.2000 1.0787 1.8572 1.2006 1.2000 1.3188 -1.8062
3
M3M3
M6M0
-0.79111 -0.79995 0.18349 0.10829 -0.80187 -0.80004 -1.1458 6.8622
4
M3M3
M4M2
1.3317 1.3333 0.65398 0.20396 1.3337 1.3333 1.3854 1.6919
5
S1S1
M2M0
-28.579 -134.89 1.0629 695.95 -22.615 -135.58 -6.1987 -5272.8
6
S1S3
M2M2
87.089 404.67 3.2652 712.00 67.774 406.74 16.083 7621.0
7
M3S2
M2S3
1.3247 1.3333 0.70317 0.47370 1.3337 1.3333 1.3854 1.6919
8
M2S4
M4S2
0.67559 0.66668 1.2858 0.96614 0.66632 0.66666 0.61458 0.30812
9
M2S2
M0S4
-0.49061 -0.49998 0.26742 0.80569 -0.50078 -0.50002 -0.62713 -2.2455
10
M4S4
M2S6
1.9622 1.9999 0.80104 0.72370 2.0031 2.0001 2.6819 -0.80288
11
S3S2
S1S4
1.4950 1.5000 0.82155 0.82427 1.5008 1.5000 1.6271 3.2455
12
M2S2
M3S1
1.0048 1.0000 1.1358 1.8496 1 1 1 1
Table 1: Several mixed mass-current (dimensionless) multipole ratios for the four-center
solutions of Sec. 4.3.2, computed using the direct BPS and the indirect methods.
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direct BPS indirect
Row Ratio (1, 0) (2, 1) (1, 0) (2, 1)
1
M2S3
M4S1
0.96772 0.89312 1 1
2
M5S3
M3S5
1.2445 1.0620 0.16331 0.11804
3
M3M3
M6M0
0.20005 0.035533 1.0592 1.6235
4
M3M3
M4M2
0.49528 0.11725 4.7610 2.1893
5
S1S1
M2M0
3228.9 484.36 -4701.2 -35506.
6
S1S3
M2M2
6189.9 1319.4 1250.0 29854.
7
M3S2
M2S3
0.49901 0.98095 4.7610 2.1893
8
M2S4
M4S2
19 1.4644 0.99981 -2.7610 -0.18931
9
M2S2
M0S4
20 0.34472 0.32794 1.3622 6.2822
10
M4S4
M2S6
21 0.77199 0.96938 0.42334 0.13732
11
S3S2
S1S4
0.66084 0.89329 -0.36219 -5.2822
12
M2S2
M3S1
0.97500 7.4722 1 1
Table 2: Several mixed mass-current (dimensionless) multipole ratios for the asymmetric
pincers of Sec. 4.3.1,computed using the direct BPS and the indirect methods.
19This ratio can also be computed for the six Z2-symmetric solutions in Sec. 4.3.1; the resulting ratios
all lie between 0.87117 and 0.96834.
20For the six Z2-symmetric solutions in Sec. 4.3.1; the resulting ratios lie between 0.11967 and 0.42966.
21For the six Z2-symmetric solutions in Sec. 4.3.1; the resulting ratios lie between 1.0244 and 1.1620.
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2 (L, δ = 1/2) as a function of L for geometries (1, 0), (2, 1), C
and D.
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Figure 1: The ratio of vanishing multipoles R
(M)
2 (L, δ = 1/2) plotted as a function of L for
the six geometries we are considering. Solid lines correspond to the values calculated by
the direct BPS method, dashed lines to the values calculated using the indirect method.
Note the scale difference of the L axis between the three figures.
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Geometry H E(ave)
(1, 0) 0.28 2.79
(2, 1) 0.098 15.7
A 7.7× 10−4 0.0451
B 7.9× 10−6 0.000888
C 0.055 2.31
D 0.24 8.56
Table 3: The entropy parameter H (see (5.8)) and the average error between the direct
BPS and the indirect methods (see (5.11)) computed for the six geometries we consider in
this paper.
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Figure 2: A log-log plot of E(ave) vs. H. The values are those in table 3. The red dots are
the geometries A,B,C,D and the green dots are the pincers (1, 0), (2, 1). The blue line is
the best-fit linear regression for these six points, given by y = 0.49 + 0.07x with statistical
parameters R2 = 0.950 and p = 9.5 × 10−4. (The fit without the two pincer datapoints
gives approximately the same line with R2 = 0.9997 and p = 1.6× 10−4.)
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Figure 3: R
(M)
2 (L, δ = 1/2) as a function of L for the six geometries we are considering.
We see that the indirect method produces highly oscillatory results while the direct BPS
method produces smooth graphs.
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5.3 Ratios for the Kerr black hole
As we explained above, our indirect method gives a way to associate well-defined values of
multipole ratios to any non-extremal black hole. We will focus on the Kerr black hole, for
which the indirect method gives the multipole ratios (5.5).
Using (5.5), we can find new expressions for many multipole ratios that are otherwise
ill-defined in the Kerr geometry. Some examples are:
Ml+1Ml+2
MlMl+3
=
SlSl+1
Sl−1Sl+2
=
Ml+2Sl
MlSl+2
= 1− 4
3 + (−1)l(2l + 1) , (5.13)
Sl+1Sl+2
MlMl+3
= −1 + (−1)
l(2l + 3)
3 + (−1)l(2l + 1) , (5.14)
Ml+1Ml+2
SlSl+3
= −1− (−1)
l(2l + 1)
3− (−1)l(2l + 3) . (5.15)
All of these ratios are naively zero over zero for the Kerr solution since S2l = M2l+1 = 0 for
all l, but can be calculated using our indirect method and are well-defined for all integer
l ≥ 0 (except l = 0 for the ratio involving Sl−1). One can also use the indirect method to
calculate the following ratios:
[M2n −M(−a2)n]
S2n
=
[S2n+1 −Ma(−a2)n]
M2n+1
= 0, (5.16)
[M2n −M(−a2)n]M2n
(S2n)
2 = −
1
2
+
3
4n
, (5.17)
[S2n+1 −Ma(−a2)n]S2n+1
(M2n+1)
2 = −
2n+ 1
4n
. (5.18)
Finally, we note that there are multipole ratios that are independent of the type of
black hole we consider, which follows immediately from (3.33)-(3.34). One such ratio is:
M2Sl
Ml+1S1
= 1, (5.19)
which is valid for all integer l > 0 and is independent of all four parameters M,D, J, a of
the general black hole. Note that l = 3, 2 corresponds to rows 1 and 12 of tables 1 and 2.
5.4 Constraining deviations of Kerr
The ratios of vanishing multipole moments computed for the Kerr black hole in the previous
section can be used to place very strong constraints on the parameterization of deviations
of the gravitational multipoles from the Kerr geometry that one expects to constrain using
gravitational-wave measurements.
The most general parameterization of a small perturbation of the multipoles away from
the Kerr values is:
Ml = (Ml)Kerr +m
(1)
l , Sl = (Sl)Kerr + s
(1)
l , (5.20)
where for simplicity we have introduced a small dimensionless parameter  1 to organize
the expansion around the Kerr values.
It is then easy to see that, for even l = 2n, (5.14) gives:
M2S2n
M2n+1S1
= −a s
(1)
2n
m
(1)
2n+1
+O(). (5.21)
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Thus, the reasonable demand that the perturbation of Kerr has a continuous limit to Kerr
as the perturbation is turned off ( → 0) means that this ratio must be equal to 1 at
O(0), which unambiguously fixes all of the perturbed odd mass multipoles in terms of the
perturbed even current multipoles:
m
(1)
2n+1 = −as(1)2n . (5.22)
In the same way, equation (5.19) for even l = 2n gives:
M2n+2S2n
M2nS2n+2
= −a2 s
(1)
2n
s
(1)
2n+2
+O(). (5.23)
Hence, demanding that this be equal to (5.19) gives:
s
(1)
2n+2 = −
n+ 1
n
a2s
(1)
2n . (5.24)
For the multipoles M2n, S2n+1, using (5.16), it is easy to see that the O() term in (5.20)
must vanish:
m
(1)
2n = s
(1)
2n+1 = 0. (5.25)
The first non-zero perturbations of M2n, S2n+1 must then come at O(2) and are fixed by
(5.17) and (5.18) (using expansion coefficients m
(2)
2n , s
(2)
2n+1 defined analogously to (5.20)):
[M2n −M(−a2)n]M2n
(S2n)
2 = M(−a2)n
m
(2)
2n(
s
(1)
2n
)2 +O(), (5.26)
[S2n+1 −Ma(−a2)n]S2n+1
(M2n+1)
2 = Ma(−a2)n
s
(2)
2n+1(
m
(1)
2n+1
)2 +O(), (5.27)
so that we have:
m
(2)
2n =
(
s
(1)
2n
)2
M(−a2)n
(
−1
2
+
3
4n
)
, (5.28)
s
(2)
2n+1 =
(
m
(1)
2n+1
)2
Ma(−a2)n
(
−2n+ 1
4n
)
. (5.29)
Hence, the dimensionless ratios we compute constrain small deviations away from the
Kerr values of all multipole moments to a single, one-parameter family of allowed devia-
tions. Explicitly, combining (5.22), (5.24), (5.25), and (5.28)-(5.29), we can parametrize
this family in terms of the dimensionless parameter , determined by S2 ≡ Ma2 (or
equivalently s
(1)
2 ≡Ma2 in (5.20)):
S2n = −nM(−a2)n,
M2n+1 = nMa(−a2)n, (5.30)
M2n − (M2n)Kerr = −n2M(−a2)n
(
2n− 3
4n
)
2,
S2n+1 − (S2n+1)Kerr = −n2(−a2)nMa
(
2n+ 1
4n
)
2.
31
These constraints have three important consequences:
First, these constraints come from embedding the Kerr black hole in a supergravity
theory which is the low-energy effective action of String Theory. It is well possible that
other theoretical models that modify the multipoles of the Kerr solution predict small
multipole deviations that do not satisfy the constraints (5.30). This indicates that these
models are incompatible with String Theory.
Second, the lowest gravitational multipoles of rotating black holes are expected to be
constrained by future observations of EMRI gravitational waves [15, 16, 17, 18], and pos-
sibly even sooner [19]. If these multipoles differ from those of the Kerr solution in a
manner consistent with our String-Theory-derived constraints, this would be a big predic-
tive success for String Theory, and would indicate that whatever effect gives rise to these
modification comes from String Theory.
If, however, gravitational wave measurements find multipoles that differ from those
of the Kerr solution, but do not satisfy the constraints (5.30), there are two possible
explanations. One would be that the Kerr solution is still modified very slightly, but the
modifications are incompatible with String Theory. The second (and more likely in our
opinion) would be that the modifications of the Kerr solution are very large, and hence
away from the linear regime in which we worked to compute Kerr multipole ratios using
the indirect method.
Thus, within String Theory, the multipole ratios (5.30) constitute a benchmark for
distinguishing between strong modifications of the Kerr geometry and weak modifications.
Indeed, all weak modifications will give rise to multipole moments that obey (5.30), while
strong modifications, like those brought about by structure at the scale of the horizon,
will give rise to modifications that are significantly different from those of (5.30). The
discrepancy of the direct BPS and indirect results for supersymmetric black holes confirms
the fact that a structure at the scale of the horizon can give rise to multipole ratios that
differ drastically from those computed using slight perturbations of the horizon.
Third, when two black hole merge the resulting configuration relaxes into a Kerr black
hole, and at late times this relaxation can be described perturbatively using the quasinor-
mal modes of the Kerr geometry. This final ring-down should be characterized by the final
relaxation of the multipole moments M2n and S2n+1, and we believe it should be possible
to use our result (5.30) to argue that during the relaxation these decaying moments are
not independent but rather related with each other in a universal way. Such universality
of the final relaxation should be visible in gravitational-wave observations of black hole
mergers in the (late) ring-down phase.
6 Discussion
The most important goal of our research into gravitational multipoles is to understand
whether the horizon-scale structure which is necessary to preserve quantum unitarity gives
rise to gravitational multipoles that are different from those of the classical black hole
solution. For the supersymmetric black holes we have considered in this paper, this struc-
ture is given by scaling bubbling microstate geometries. In the scaling limit, in which the
charges and angular momenta of the microstate geometries match those of the black hole,
the gravitational multipoles become identical to those of the classical black hole solution.
However, we have found that the ratios of the vanishing multipoles computed by a small
(linear) perturbation of the classical black hole solution (the indirect method) can differ a
fair bit from the ratios of vanishing multipoles computed in scaling microstate geometries
(the direct BPS method). This indicates that large changes in the geometry at the scale
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of the horizon modify the ratios of vanishing multipoles.
The key question is how this story will extend to non-extremal black holes. One pos-
sibility is that for non-extremal black holes, the multipole moments of the microstate
geometries will be different from those of the classical black hole solution. After all, a
spinning ball of dust or a spinning lump of liquid have different multipole moments than
the Kerr black hole, so it is possible that the nontrivial topology and fluxes that will make
up the non-extremal microstate geometry will also spin differently from the Kerr black
hole. Unfortunately, there are no examples yet of explicit microstate geometries that have
the same mass, charges and angular momentum as non-extremal four-dimensional black
holes, so one cannot offer at this point any support for this possibility.
The other possibility is that, even away from extremality, the multipoles of the mi-
crostate geometries will still be the same as those of the black hole. However, much like
for supersymmetric black holes, we do not expect the ratios of vanishing multipoles to be
the same. Hence, if any other effect will cause a small measurable deformations of the
multipoles away from the Kerr values, our calculation gives a benchmark for ascertaining
whether the deviations from the Kerr geometry at the scale of the horizon are small or
large.
Comparing the two methods for BPS black holes We have seen that there is an
impressive correlation between the agreement of the direct BPS and indirect methods for
computing ratios of vanishing multipole and the smallness of the entropy parameter, H,
defined in (5.8); see table 3 and fig. 2. We believe it is important to obtain a deeper
understanding of this correlation, which is simply an empirical observation in our results
at the moment.
One possibility, which we mentioned above, is that the indirect method gives the ratios
of vanishing multipoles when the black hole is only slightly perturbed around the BPS
solution, while the direct BPS method gives these ratios when the horizon is completely
replaced by a bubbling microstructure. Hence, the disagreement from the result of the indi-
rect method can be considered as a benchmark for parameterizing how much the structure
at the scale of the horizon (that is needed to allow information to escape) differs from the
black hole solution.
Another interesting possibility is that, for a particular black hole, the indirect method
gives the average value of the multipole ratios calculated using the direct BPS method for
all the possible microstates of this black hole. The spread or variance of the multipole
ratios for all these microstates could be determined by H – in other words, a smaller H
would imply that the microstate multipole ratios calculated using the direct BPS method
will generally lie closer to the would-be “average” value calculated for the black hole using
the indirect method.
We can wonder also why the matching of the direct BPS and indirect methods is
correlated to the value of the entropy parameter H, and not to the actual black hole
entropy, S. Note that H can be intuitively thought of as a “relative” entropy, which
measures the entropy of the black hole relative to a black hole that has only the electric
charges; moreover, our mismatch parameter E defined in (5.11) is also a relative difference
parameter. It would be interesting to see if there may exist a possible connection between
the absolute difference between multipole ratios and the (absolute) entropy of the black
hole, S. We leave this investigation to further study.
Multipole ratios in observations As we saw in Section 5.4, the indirect method can
be used to calculate ratios of vanishing multipoles for the Kerr black hole, and constrain
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the space of non-Kerr multipoles coming from small deviations away from the Kerr solution
at the scale of the horizons.
By contrast, the ratios of vanishing multipoles computed via the direct BPS method
using microstate geometries do not generically agree with the ratios computed using the
indirect method. This disagreement comes from the fact that microstate geometries dras-
tically modify the physics at the scale of the horizon, and hence cannot be thought of as
small perturbations of the black hole solution.
This indicates that, within String Theory, the multipole ratio constraints derived in
Section 5.4 form a benchmark for determining whether the physics at the scale of the
horizon is weakly or strongly modified from the physics of the Kerr solution. Hence, a
possible gravitational wave measurement of non-Kerr multipoles that obey the constraints
(5.30) would be a spectacular confirmation of this small modification prediction of String
Theory, while a possible measurement that does not obey the constraints (5.30) would be
indicative of either a large deviation at the scale of the horizon within String Theory or of
a small deviation at the scale of the horizon within another theory.
Furthermore, the ratios we compute could be related to the (very) late-time relaxation
properties in the formation process of black holes.22 When a black hole (or a particular
microstate) is formed, multipole radiation will carry away much of the information of the
initial collapsing state. It is possible that the multipole ratios we consider indicate a
universal late-time relaxation behavior for the (ratios) of such multipole radiation after
formation. This could possibly be probed in current and upcoming gravitational wave
observations of black hole mergers by LIGO and eLISA [15, 16, 17, 18, 19]; most likely the
multipole ratios would correspond to effects in the (late) ring-down phase after the actual
merger occurs.
Other directions The possibility of observing multipole ratios in the late-time relax-
ation behavior of the formation of black holes might also be interpreted as taking the limit
where the energy of the gravitational radiation after formation becomes soft. Thus, there
may be an interesting link between the multipole ratios we compute and the soft charges
of a black hole [54, 55, 56]. However, these soft charges are defined as an expansion at
null infinity (I+) while the multipoles (and thus their ratios) are defined at spatial infinity
i+. It would be interesting to see if the two expansions could be related and hence if the
multipoles could be related to the soft charges of the black hole.
It would also be interesting to compute the multipole ratios using the indirect method
by embedding the Kerr black hole into modified theories of gravity that do not descend
from String Theory. Based on the consistency of String Theory, one expects that the
ratios we compute by embedding a black hole in supergravity should be the same as those
computed by embedding the black hole in a theory which is deformed with higher-derivative
corrections calculated in String Theory23. However, if one deforms the theory arbitrarily,
it is possible that the deformed multipole ratios will end up different than those we have
computed using the indirect method. We believe it is important to understand whether
this happens and how.
It is interesting to remark that, while microstate geometries have been used so far to
describe holographically pure CFT states that belong to the black hole ensemble, our work
shows that they have another unexpected utility: they can be used in the direct BPS
method to calculate an infinite number of dimensionless multipole ratios that characterize
the black hole and the cannot be computed in any other way.
22We thank the members of the Saclay String Theory Journal Club, and especially Nick Warner, for an
elaborate discussion on this idea.
23This was done for BPS black holes in [57].
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There are two obvious places where one can generalize this direct BPS method. The first
is the computation of multipole moments in almost-BPS multi-center solutions [39, 40, 58],
and generalizations thereof [59], and the comparison of these multipole moments and ratios
to those computed for the corresponding almost-BPS black hole using the indirect method.
General almost-BPS black holes in four dimensions [40] have a richer structure compared
to BPS black holes, because they can also have a nontrivial angular momentum. It would
be interesting to understand whether, for these black holes, there is also a discrepancy
between the ratios of vanishing multipoles computed using the two methods, and whether
this discrepancy is correlated to a specific feature of these black holes.
The second place where one can generalize the direct BPS method is the computation
of multipole moments in bubbling microstate geometries corresponding to the extremal
Kerr solution in five-dimensions. Such bubbling geometries have only been constructed so
far for the five-dimensional NHEK geometry [53] using the supergravity ansatz of [60, 61].
To compute the asymptotic expansion of the full, asymptotically flat (extremal) Kerr
solution, one would have to match the perturbed NHEK UV region of the microstate
geometries constructed in [53] to the NHEK IR region of the Kerr black hole, and see how
the asymmetries brought about by the microstructure at the bottom of the NHEK throat
modify the Kerr gravitational multipole moments. This procedure can be technically quite
involved, but has the advantage of allowing us to compute ratios of vanishing multipoles for
the Kerr black hole using the direct BPS method, and produce the first explicit predictions
of the fuzzball proposal to real-life black holes.
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A Non-Axisymmetric Microstate Multipoles
We derived the general formulae (4.17) and (4.21) for the gravitational multipoles of ax-
isymmetric microstate geometries with arbitrary four-dimensional moduli in Section 4.2.
It is a simple matter to expand this derivation to include microstate geometries that are
not axisymmetric, using the ACMC formalism of [29].24
Spherical harmonics Following [29], we will introduce the (scalar) spherical harmonics
as:
Ylm(θ, φ) = (−1)m
√
2l + 1
4pi
(l −m)!
(l +m)!
eimφPml (cos θ), (A.1)
24While in (2.1)-(2.6) we generalized ACMC-N coordinates to AC-N coordinates to allow for M˜1 6= 0,
we will simply work in ACMC-N coordinates in this appendix for simplicity, for which M1m = 0. Further,
note that as discussed in Section 4.2, since the purely spatial components of the metric are also determined
by Q and ω, it is trivial to conclude that the microstate geometry metric (4.1) is ACMC-∞, even when it
is not axisymmetric.
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where Pml (cos θ) are the associated Legendre polynomials. (Note the factor of (−1)m,
which differs from other normalizations.) These are orthonormal as:∫
Ylm(θ, φ)Y
∗
l′m′(θ, φ) dΩ2 = δll′δmm′ . (A.2)
We will also need the vector spherical harmonics:
~Y Blm = i
l∑
m′=−l
1∑
m′′=−1
(1m′′, l m′; l m) ~ξ(m′′)Ylm′(θ, φ), (A.3)
where we have used the Clebsch-Gordon coefficient (1m′′, l m′; l m), and the collection of
vectors (components given in Cartesian coordinates (x, y, z)):
~ξ(−1) =
1√
2
(1,−i, 0), ~ξ(0) = (0, 0, 1), ~ξ(1) = 1√
2
(−1,−i, 0). (A.4)
Other vector spherical harmonics are:
~Y Elm = −rˆ × ~Y Blm, ~Y Rlm = rˆYlm(θ, φ), (A.5)
where rˆ is the unit radial vector. All of these vector spherical harmonics are normalized
such that (for J = E,B,R): ∫
~Y Jlm · ~Y J
′∗
l′m′ dΩ2 = δJJ ′δll′δmm′ . (A.6)
Mass multipoles The generalization of the ACMC-N expansion of gtt in (2.1) to non-
axisymmetric spacetimes is [29]:25
gtt = −1 + 2M
r
+
N∑
l≥1
√
4pi
2l + 1
2
rl+1
(
m∑
m=−l
MlmYlm +
∑
l′<l
l′∑
m′=−l′
c
(tt)
ll′m′Yl′m′
)
(A.7)
+
√
4pi
2N + 3
2
rN+2
(
N+1∑
m=−N−1
(MN+1,mYN+1,m) +
∑
l′ 6=l
l′∑
m′=−l′
c
(tt)
(N+1)l′m′Yl′m′
)
+O (r−(N+3)) ,
where the argument of all spherical harmonics is always Ylm = Ylm(θ, φ). The coefficients
Mlm, which are defined for l ≥ 0 and |m| ≤ l, are then the mass multipoles for a generic,
non-axisymmetric spacetime. Note that they have been normalized such that, when the
spacetime is axisymmetric, Mlm = 0 for m 6= 0 and Ml0 = Ml as defined in Section 2. Note
that from the reality of the metric, it follows that Ml(−m) = (−1)mM∗lm. The coefficients
c
(tt)
ll′m′ are arbitrary and do not contribute to the multipole structure.
The generalization of the expansion (4.12) of a harmonic function to include poles that
are not only on the z-axis is then:
H = h+
∑
i
hi
ri
= h+
∑
i
hi
∞∑
l=0
l∑
m=−l
R(i)lm
Ylm(θ, φ)
rl+1
, (A.8)
where the coefficient R(i)lm is defined for the i-th center at position (ri, θi, φi) as:
R(i)lm ≡ (ri)l
√
4pi
2l + 1
Y ∗lm(θi, φi). (A.9)
25Note that, for the expansion (A.7) to define an ACMC-N coordinate system, we need M1m = 0,
which can be achieved by a judicious choice of the origin.
36
Note that when the center is on the z-axis, θi = (0 mod pi) so that Rl0 = (ri)l = zli and
Rlm = 0 for m 6= 0, in agreement with the axisymmetric expansion (4.12).
From comparing (A.8) and (A.7), following the same reasoning as in Section 4.2, we
arrive at:
Mlm = −1
2
(
∂v0
[Q−1/2∞ ]∑
i
viR(i)lm +
∑
I
∂k0I
[Q−1/2∞ ]∑
i
kiIR(i)lm
+
∑
I
∂l0I
[Q−1/2∞ ]∑
i
liIR(i)lm + ∂m0
[Q−1/2∞ ]∑
i
miR(i)lm
)
. (A.10)
which generalizes (4.17).
Current multipoles Now, we need the generalization of the expansion of gtφ in (2.2)
to non-axisymmetric spacetimes; in general, all off-diagonal time-space components of the
metric will be turned on. Using Cartesian coordinates xi (or any other asymptotically
orthonormal coordinate frame), the ACMC-N expansion of these time-space components
is [29]:
gti =
N∑
l≥1
1
rl+1
(
−
√
4pi(l + 1)
l(2l + 1)
l∑
m=−l
Slm
(
Y Blm
)
i
+ C˜
(ti)
l +
∑
l′<l
C
(ti)
ll′
)
(A.11)
+
1
rN+2
(
−
√
4pi(N + 2)
(N + 1)(2N + 3)
N+1∑
m=−N+1
SN+1,m
(
Y BN+1,m
)
i
+ C˜
(ti)
N+1 +
∑
l′ 6=N+1
C
(ti)
N+1,l′
)
+O(r−(N+3)),
where we have defined the shorthands:
C˜
(ti)
l ≡
l∑
m′=−l
(
e˜
(ti)
lm′
(
Y Elm′
)
i
+ r˜
(ti)
lm′
(
Y Rlm′
)
i
)
, (A.12)
C
(ti)
ll′ ≡
l′∑
m′=−l′
(
b
(ti)
l,l′m′
(
Y Bl′m′
)
i
+ e
(ti)
l,l′m′
(
Y El′m′
)
i
+ r
(ti)
l,l′m′
(
Y Rl′m′
)
i
)
. (A.13)
The normalization of the multipoles Slm has again been chosen such that for axisymmetric
spacetimes, Slm = 0 when m 6= 0 and Sl0 = Sl as defined in Section 2. Again from reality
of the metric, it follows that Sl(−m) = (−1)mS∗lm. The coefficients b(ti)l,l′m′ , e(ti)l,l′m′ , r(ti)l,l′m′ and
e˜
(ti)
lm′ , r˜
(ti)
lm′ are arbitrary and do not contribute to the multipole structure.
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As discussed in Section 4.2, Q does not contribute to the curent multipoles Slm, and so
the contribution for microstate geometries to Slm comes entirely from the one-form ω in
(4.1). Moreover, ω is the sum of contributions ωij coming from pairs (ij) of centers, with
the contribution of each pair given in (4.8) for axisymmetric spacetimes. We can rewrite
(4.8) and (4.18) in a covariant form as:
~ωij =
∑
l
1
rl+1
(
−
√
4pi(l + 1)
l(2l + 1)
)
l∑
m=−l
~Y Blm
(
R(i)lm −R(j)lm
)
+ · · · , (A.14)
26Note that the C˜til piece in (A.11) contains Y
E
lm, Y
R
lm vector harmonics that appear at the same harmonic
order, l, in the multipole expansion as Y Blm. Nevertheless, it is only the piece proportional to Y
B
lm that
contains physical, coordinate-independent information: the Slm current multipoles. Analyzing the linear
gravitational-radiation field of a slow-moving source reveals that the pieces ∼ Y Elm, Y Rlm can either be gauged
away completely or are proportional to the time derivative of the mass multipoles Ml. A further analysis
shows that Mlm and Slm also completely determine the full non-linear gravitational radiation field for any
source. See especially sections 8, 9, and 10 of [29].
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which is then also valid when the pair (ij) is not aligned on the z-axis. Comparing with
(A.11), the generalization of (4.21) to non-axisymmetric spacetimes will then be:
Slm =
1
2
∑
i
〈h,Γi〉R(i)lm, (A.15)
where again for axisymmetric spacetimes we recover Slm = 0 for m 6= 0 and Sl0 = Sl as
defined in Section 2.
When the asymptotic moduli have the canonical value for a solution with D2, D2, D2
and D6 charges, h = (1, 0, 0, 0, 1, 1, 1, 0), the general formulae (A.10) and (A.15) simplify
to:
Mlm =
1
4
∑
i
[
vi + li1 + l
i
2 + l
i
3)
]R(i)lm, (A.16)
Slm =
1
4
∑
i
[−2mi + ki1 + ki2 + ki3]R(i)lm. (A.17)
These formulae generalize (4.58)-(4.59) to non-axisymmetric spacetimes, and appeared first
in [23].
It would be very interesting to use these formulae to compute multipole moments and
ratios of vanishing multipoles using multicenter non-axisymmetric scaling solutions, such
as those of [62, 63, 64].
B More Details on the Indirect Method
Here, we explain in a more detail the indirect method for the black holes corresponding to
the supersymmetric microstate geometries we constructed in Section 4.3.
For a given multi-center microstate geometry, we first calculate the four electric (QI)
and four magnetic (PI) charges in four dimensions. In the gauge where the moduli are
given by (4.33) (in particular, where m0 = 0), the charges are given by:
Q
(ms)
1,2,3 =
∑
i
li1,2,3, Q
(ms)
0 =
∑
i
vi, (B.1)
P
(ms)
1,2,3 =
∑
i
ki1,2,3, P
(ms)
0 = −2
∑
i
mi. (B.2)
Note that from our gauge choice it follows that
∑3
I=0 PI = 0 for all of the microstate
geometries discussed in Section 4.3;27 the four-dimensional mass M = M0 (as one can read
off from (4.58)) is given by:
M = M0 =
1
4
4∑
I=1
QI , (B.3)
as appropriate for a BPS solution (and in agreement with [32]).
Now, we take a family of non-extremal, rotating black holes of the most general kind
as given in Section 3.4, with non-extremality parameter m, rotation parameter a, and 8
charge parameters δI , γI ; we set the NUT charge N = 0 which fixes the parameter n by
(3.29). We let the parameters m, a vary in our family of black holes, while fixing δI , γI
27The microstate geometries in Section 4.3 are introduced in a gauge where
∑
i k
i
I = 0 (for I = 1, 2, 3);
performing the gauge transformation (4.31)-(4.32) then gives P1 = −P4 and P2 = P3 = 0.
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such that the charges QI , PI remain fixed to the microstate values. This means that for
each value m, we solve:
Q
(ms)
I = QI(m, δI , γI), P
(ms)
I = PI(m, δI , γI), (B.4)
for δI , γI . This determines a family of (non-extremal, rotating) black holes with the same
charges Q
(ms)
I , P
(ms)
I corresponding to the BPS microstate under consideration. For this
family of black holes, we can consider e.g. the ratio (5.2):
M2M2
M4M0
= − D
2 +M2
3D2 −M2 , (B.5)
with D,M given in (3.31), and we recall that µi, νi are complicated combinations of δI , γI
(see Appendix D). Note that (B.5) does not contain any explicit factors of m, a, but does
depend on m indirectly through the expressions for the charges QI , PI , which depend on
m as well as on µi, νi.
Finally, we take the limit of (B.5) when going to the non-rotating, BPS extremal limit
of the black holes in this family, thus retrieving the value of (B.5) for the BPS black hole
that the microstate geometry is a microstate of. Since (B.4) is independent of a, the non-
rotating limit a→ 0 of (B.5) is trivial. Then, we can take the (BPS) extremal limit m→ 0
of (B.5) by solving (B.4) for decreasing values of m and plugging the resulting values of
δI , γI into (B.5). In practice, we decrease the non-extremality parameter to m ∼ 10−10, for
which the ratio (B.5) has clearly converged to its m → 0 value, at least to a much larger
precision than we display in tables 2 and 1. For the six black holes we consider in this
paper, we give the values of µi, νi (relative to µ1, since we note that the relevant multipole
ratios only depend on these relative values) in table 4.
BH µ2/µ1 ν1/µ1 ν2/µ1
(1, 0) 0.409831 15.34 72.4949
(2, 1) 0.536201 53.5961 206.984
A 35.8367 0.0033209 170.488
B -219.409 -1.47008 2554.83
C -2.68896 -0.228787 7.13903
D 1.05995 8.79139 105.449
Table 4: The ratios of µi, νi parameters for the six BPS black holes considered in this
paper; these values are those obtained in the extremal limit m→ 0, thus are those of the
static, BPS black hole.
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C Multipole Ratios in Microstate Geometries
In this appendix, we analyze multipole ratios calculated by the direct BPS method in-
troduced in Section 5.1. In Section 5, we have already considered various ratios for the
asymmetric pincers (1, 0) and (2, 1) of Section 4.3.1, as well as the four-center geometries
A,B,C,D of Section 4.3.2. Here, we will additionally consider multipole ratios for the
symmetric pincers (n, n) (for n = 1, · · · , 6) introduced in Section 4.3.1, whenever the ratio
at hand is well-defined for them (recall that S2n+1 = M2n+1 = 0 for these geometries).
Including the symmetric pincers in our analysis can give us some insight into how the
multipole ratios change when the number of centers N is varied.
To ease our analysis, we will first consider ratios of only mass multipoles Ml, and then
(only) current multipoles Sl. Note that the legend of figs. 7, 8, 9, 10, 11, and 12 is given
in fig. 6.
C.1 Ratios of mass multipoles
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(a) Mass multipole ratios without M0
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(b) Mass multipole ratios with M0
Figure 4: Mass multipole ratios computed from symmetric pincers (n, n) with n = 1, · · · , 6
(section 4.3.1).
Ratios of mass multipoles that do not involve M0 These ratios are of the form
M{a1,a2,··· }/{b1,b2,··· } with ai, bi > 0 for all even ai, bi. When ai, bi are of the same order
(ai/bj ∼ O(1) for all ai, bj), we note that the direct BPS method gives values that are
always very close to one. This trend is also fairly stable for a small or large number of
centers; see Figure 4a.
There is a qualitatively different behavior of multipole ratios when there is a large
difference in the multipole order, obtained for example when ai0/bj  1 for a given ai0 and
all bj. These ratios tend to be much smaller than one.
To illustrate this, we can consider R
(M)
2 (L, δ) as defined in (5.7), as well as R
(M)
3 (L, δ)
defined by:
R
(M)
3 (L, δ) ≡M{L(1+2δ),L(1−δ),L(1−δ)}/{L,L,L} =
ML(1+2δ)ML(1−δ)ML(1−δ)
(ML)3
. (C.1)
We plot R
(M)
2 (L, δ) and R
(M)
3 (L, δ) for various fixed values of L while varying δ in figs.
7 and 8. We see that as the imbalance of the multipoles increases (δ → 1), these ratios
tend to zero for the pincer (n1, n2) geometries while they remain fairly close to 1 for the
four-center geometries A,B,C,D (although there appear to be some extra edge effects at
δ ∼ 1 for these four-center geometries).
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Ratios of mass multipoles where M0 appears in the numerator As we can see
from Figure 4b, when the non-zero multipole orders in the ratio satisfy ai/bj ∼ O(1), these
multipole ratios are generally (much) bigger than one. Furthermore, it appears that, as
the number of centers N gets bigger, these ratios get bigger.
We can also calculate ratios containing M0 where instead ai/bj  O(1). Examples
include:
R
(M)
2,0 (L) ≡M{2L,0}/{L,L} =
M2LM0
(ML)2
, (C.2)
R
(M)
3,0 (L) ≡M{3L,3L,0}/{2L,2L,2L} =
M3LM3LM0
(M2L)3
. (C.3)
As we can see in fig. 9, such ratios tend to approach O(1) numbers for large L, for all of
the geometries we consider.
Note on the symmetric pincers For the symmetric pincers (n1 = n2) of Section 4.3.1,
the ratios above can only be computed for even mass multipoles since M2n+1 = 0, meaning
the number of points evaluated for their graphs in the above figures is typically half of the
number of points for the non-Z2-symmetric geometries. Remarkably, the resulting graphs
for the symmetric pincers have very similar behaviors to the other geometries, especially
the asymmetric pincers. This leads us to believe that the generic behavior of multipole
ratios in multi-center geometries is captured by the graphs we give above; the “accidental”
symmetries leading to certain multipoles vanishing identically are the exception rather
than the rule, and do not affect the overall behavior of the multipole ratios.
C.2 Ratios of current multipoles
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(a) Current multipole ratios without M0
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(b) Current multipole ratios with M0
Figure 5: Current multipole ratios computed from symmetric pincers (n, n) with n =
1, · · · , 6 (section 4.3.1).
Besides mass-multipole ratios, we can also consider current multipoles ratios S{a1,a2,··· }/{b1,b2,··· },
given by (5.1) by replacing Ml by Sl, except for l = 0 where we always leave M0 in the
expression (and never S0). We find that these multipole ratios have more or less the same
qualitative behavior as the corresponding mass-multipole ratios.
Indeed, current multipole ratios that involve multipoles ai, bi 6= 0 of the same order
(ai/bj ∼ O(1)) are generically close to 1, see fig. 5).
The ratios R
(S)
i (L, δ) and R
(S)
i,0 (L), obtained by replacing every Ml by Sl in (5.7), (C.1),
(C.2), and (C.3), also have the same qualitative behavior as the mass-multipole ratios
R
(M)
i (L, δ) and R
(M)
i,0 (L), although there seem to be more “excursions” away from the
general trend for relatively small L. See figs. 10, 11, and 12.
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(1,1) (2,2) (3,3) (4,4) (5,5) (6,6)(1,0) (2,1) A B C D
Figure 6: Legend for Figures 7, 8, 9, 10, 11, and 12. The label (n1, n2) refers to the pincers
of Section 4.3.1; A,B,C,D are the four-center solutions of Section 4.3.2.
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Figure 7: Mass multipole ratios without M0 in the numerator: R
(M)
2 (L, δ). For the legend,
see fig. 6.
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Figure 8: Mass multipole ratios without M0 in the numerator: R
(M)
3 (L, δ). For the legend,
see fig. 6.
100 200 300 400 500 600
L
2
4
6
8
10
R
(a) R
(M)
2,0 (L) vs. L
100 200 300 400 500 600
L
2
4
6
8
10
R
(b) R
(M)
3,0 (L) vs. L
Figure 9: Mass multipole ratios with M0 in the numerator: R
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i,0 (L). For the legend, see
fig. 6.
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Figure 10: Current multipole ratios R
(S)
2 (L, δ). For the legend, see fig. 6.
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Figure 11: Current multipole ratios R
(S)
3 (L, δ). For the legend, see fig. 6.
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Figure 12: Current multipole ratios R
(S)
i,0 (L).For the legend, see fig. 6.
The log plot below shows the “peak” structure. The double peak structure is the result of
one multipole moment that is exceptionally low.
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D General Black Hole Charge Parameters
For reference, we give the relations between the parameters µ1,2, ν1,2, C,D and δI , γI for
the general black hole of Section 3.4. The following equations are all taken from (4.18),
(4.19), (4.20), and (5.5) in [32] (with the range of I changed here to I = 0, · · · , 3).
First, we define the shorthands:
sδI ≡ sinh δI , cδI ≡ cosh δI , (D.1)
and similarly for sγI , cγI . We also define shorthands for products of these parameters such
as:
sδIJ ≡ sδIsδJ , (D.2)
and similar for products of cδI , sγI , sγJ ; we can also specify more than two indices to
multiply in such a product, such as sδ0123.
Then, the charge parameters µ1,2, ν1,2 are given by:
µ1 = 1 +
∑
I
(
s2δI + s
2
γI
2
− s2δIs2γI
)
+
1
2
∑
I,J
s2δIs
2
γJ , (D.3)
µ2 =
∑
I
sδIcδI
(
sγI
cγI
cγ0123 − cγI
sγI
sγ0123
)
, (D.4)
ν1 =
∑
I
sγIcγI
(
cδI
sδI
sδ0123 − sδI
cδI
cδ0123
)
, (D.5)
ν2 = ι−D (D.6)
where
ι = cδ0123cγ0123 + sδ0123sγ0123 +
∑
I<J
cδ0123
sδIJ
cδIJ
cγIJ
sγIJ
sγ0123, (D.7)
D = cδ0123sγ0123 + sδ0123cγ0123 +
∑
I<J
cδ0123
sδIJ
cδIJ
sγIJ
cγIJ
cγ0123. (D.8)
Finally, we have:
C = 1 +
∑
I
(s2δIc
2
γI + s
2
γIc
2
δI) +
∑
I<J
(s2δIJ + s
2
γIJ) +
∑
I 6=J
s2δIs
2
γJ +
∑
I
∑
J<K
(s2δIs
2
γJK + s
2
γIs
2
δJK)
+ 2
∑
I<J
(
sδ0123cδ0123
sγIJ
cδIJ
cγIJ
sδIJ
+ s2δ0123
s2γIJ
s2δIJ
+ sδIJsγIJcδIJcγIJ + s
2
δIJs
2
γIJ
)
− ν21 − ν22 .
(D.9)
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